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Abstract 

We compute the complete Fadell-Husseini index of the dihedral group Dg = (Z2) 2 x Z2 acting 
on 5"* x S d for F2 and for Z coefficients, that is, the kernels of the maps in equivariant cohomology 

ff£,(pt,F a ) — » Hh a (S d xS d ,W 2 ) 

and 

H* Da (pt,Z) — » H* Da (S d x S d ,Z). 

This establishes the complete cohomological lower bounds, with F2 and with Z coefficients, for the two 
hyperplane case of Grunbaum's 1960 mass partition problem: For which d and j can any j arbitrary 
measures be cut into four equal parts each by two suitably-chosen hyperplanes in R d ? In both cases, 
we verify that the ideal bounds are not stronger than previously established bounds based on one of 
the maximal abelian subgroups of Dg. 
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1 Introduction 

1.1 The hyperplane mass partition problem 

A mass distribution on K d is a finite Borel measure n(X) — J fd[i determined by an integrable density 
function / : R d -> R. 

Every affine hyperplane H = {x 6 M. d | (x, v) = a} in R d determines two open halfspaces 

H - = {x S R d (x, v) < a} and H + = {x e M. d (x, v) > a}. 

An orthant of an arrangement of k hyperplanes H. = {H±, H 2 , Hk} in W 1 is an intersection of halfspaces 
O = H^ 1 n...f)H^ k , for some otj £ Z 2 . Thus there are 2 k orthants determined by TL and they are naturally 
indexed by elements of the group (Z 2 ) fc . 

An arrangement of hyperplanes TL equiparts a collection of mass distributions M. in R d if for each 
orthant O and each measure pi £ M we get 

/i(O) = jtfi(R d ). 

A triple of integers (d, j, k) is admissible if for every collection M. of j mass distributions in M. d there 
exists an arrangement of k hyperplanes TL equiparting them. 

The general problem formulated by Griinbaum [13] in 1960 can be stated as follows. 
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Problem 1.1. Determine the function A : N 2 — » N given by 

A(j, fc) = min{(i | (d,j,k) is an admissible triple}. 

The case of one hyperplane, A(j, 1) = j, is the famous ham sandwich theorem, which is equivalent 
to the Borsuk-Ulam theorem. The equality A(2, 2) = 3, and consequently A(l,3) — 3, was proven by 
Hadwiger pH] , Ramos [H] gave a general lower bound for the function A, 

A(i,fe)>^lj. (1) 

Recently, Mani, Vrecica and Zivaljevic [21] applied Fadell-Husseini index theory for an elementary abelian 
subgroup of H\ C D 8 to get a new upper bound for A, 

A(2 q + r,k) <2 k+q - 1 +r. (2) 

In the case of j = 2 l+1 — 1 measures and k — 2 hyperplanes these bounds yield the equality 

A(j,2) = riii. 

1.2 Statement of the main result (k = 2, indices) 

This paper addresses Problem 11.11 for k = 2 using two different but related Configuration Space/Test 
Map schemes (Section [21 Proposition ^. 2jl . 



• The product scheme is the classical one, already considered in [55] and [2T]. The problem is 
translated to the problem of the existence of a Wfc-equivariant map, 

Y d , k := (S d ) k — >s((R 2k ) j 

where Wu — (Z 2 ) fe x S k is the Weyl group. 

• The join scheme is a new one. It connects the problem with classical Borsuk-Ulam properties in 
the spirit of Marzantowicz 22J. Is there a Wfe-equivariant map 

X d . k := (S d )* k ^S(ll k x (R 2k y)? 

The Wfc-representations R 2 k and U k are introduced in Section |2~21 

Obstruction theory methods cannot be applied to either scheme directly for k > 1, since the V^-actions 
on the respective configuration spaces (S d ) and (S ,rf ) are not free (compare [2T| Section 2.3.3], as- 
sumptions on the manifold M n ). Therefore we analyze the associated equivariant question for k = 2 
via the Fadell-Husseini ideal index theory method. We show that the join scheme considered from the 
Fadell-Husseini point of view, with either ¥ 2 or Z coefficients, does not lead to any improvement com- 
pared to the known bounds (Remarks 15.31 and 16. 2p . In the case of the product scheme we give the new 
and best possible ideal bounds by proving the following theorem. 

Theorem 1.2. Let ltd, d>0, be polynomials in ¥ 2 [y,w] given by 

'd-l-i 



ir d (y,w) = 



w i y d-2i 



and U d , d > 0, be polynomials in Z[y,M,W]/(2y, 2M,4W, M 2 - Wy) given by 



mod 2 

2 



n d (y,w) = Y / ( d 1 M wy 



<i -\ -id—2i 

vv 

mod 2 



(A) ¥ 2 -bound: The triple (d,j,2) £ N 3 is admissible if 

y 3 w 3 (7r d+ i,7r d+ 2> C ¥ 2 [y,w}. 
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(B) Z-bound: The triple (d,j, 2) € N is admissible if 



(i-i) ro0 d2 ^w>, \ , 

Jmod2 W— X, J mod2 W— / 



(d — l)mod2 IId+2, (d — l) mo d2 IId+4 , 
(d - l)mod2 Mil a, 
d m od2 Ild+i, dmod2 Hj+3 



Remark 1.3. Let fid, d > 0, be the sequence of polynomials in Z[Y, W] denned by IIo = 0, fil = Y 
and Ild+i = YTld + Wfid-i for d > 2. Then the sequences of polynomials 11^ and ttj are reductions of 
the polynomials fi^. The polynomials 11,^ can be also described by the generating function [25] (formal 
power series) 

Vn, = 

^ l-Y -W 

d>0 

where lid is homogeneous of degree 2d if we set deg(F) = 2 and deg (W) = 4. 

Theorem 11.21 is a consequence of a topological result, the complete and explicit computation of the 
relevant Fadell-Husseini indices of the Ds-space S d x S d and the Ds-sphere S(Rf J ). 

Theorem 1.4. 

(A) Indexg g F2 S(i?f ) = Index^ ,F 2 5(i?f ) = (y»V> 

(B) Index^+ 2 F2 (^ x S d ) = (ir d+1 ,n d+2 ). 

(yiwi), for j even 



(C) Indexg+^(#f ) = 



(D) Index£ +2 z S d x S 



{y^W^M.y^W 1 ^), for j odd 
(Ild+2 , IIj+4 , Mild }, for d even 

(Hd±i ,IId+3), /or d odd 



The sequence of Fadell-Husseini indexes will be introduced in Section [3J The actions of the dihedral 
group D$ and the definition of the representation space R® J are given in Section [5] Even though it does 
not seem to have any relevance to our study of Problem ll.il the complete index Index£> 8j F 2 {S x S d ) will 
also be computed in the case of ¥ 2 coefficients, 



Index M (S d x S d ) = (TT d+1 ,iT d+2 ,w d+1 ). (3) 



1.3 Proof overview 



The Problem ll.ll about mass partitions by hyperplanes can be connected with the problem of the existence 
of equivariant maps as discussed in Section [51 Proposition 12.21 The topological problems we face, about 
the existence of Wk = (Z 2 ) x S^-maps, for the product / join schemes, 

(S d ) "^S (Rfj) , (S d ) * k -^ Wk S(u k x < 



have to be treated with care because the actions of the Weyl groups Wk are not free. Note that there is 
no naive Borsuk-Ulam theorem for fixed point free actions. Indeed, in the case k = 2 when W 2 = Dg 
there exists a W 2 -equivariant map [H Theorem 3.22, page 49] 



5' 



© F-+) 10 ) — w a S ((C/ 2 © V—f) 



where dim (V+- © V-+) > dim (U 2 © V__) . The W 2 = ^-representations V+- © V-+, V— and U 2 
are introduced in Section! 
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In this paper we focus on the case of k = 2 hyperplanes. Theorem 11.21 gives the best possible answer 
to the question about the existence of W2 = -Ds-maps 

S d x S d — ► S(Rf j ) 

from the point of view of Fadell-Husseini index theory (Section [3|). We explicitly compute the relevant 
Fadell-Husseini indexes with F2 and Z coefficients fThcrcom ll.41 Sections [SJ [51 [7] and [S]). Then Theorem 
11.21 is a consequence of the basic index property, Proposition 13. 21 

The index of the sphere S(Rf 3 ), with F 2 coefficients, is computed in Section [5] by 

• decomposition of the /^-representation R® J into a sum of irreducible ones, and 

• computation of indexes of spheres of all irreducible Ds-representations. 

The main technical tool is the restriction diagram derived in Section [4.3.21 which connects the indexes of 
the subgroups of D 8 . 

The index with Z coefficients is computed in Section [5] using 

• (for j even) the results for F2 coefficients and comparison of Serre spectral sequences, and 

• (for j odd) the Bockstein spectral sequence combined with known results for F2 coefficients and 
comparison of Serre spectral sequences. 

The index of the product S x S d is computed in Sections [7] and [8] by an explicit study of the Serre 
spectral sequence associated with the fibration 

S d xS d -> ED 8 x Da {S d x S d ) -> BD 8 . 

The major difficulty comes from non-triviality of the local coefficients in the Serre spectral sequence. The 
computation of the spectral sequence with non-trivial local coefficients is done by an independent study 
of H*(D 8 , F 2 )- module and H*(D 8 , Z)-module structures of relevant rows in the Serre spectral sequence 
(Sections O and [HI). 

1.4 Evaluation of the index bounds 
1.4.1 F2-evaluation 

It was pointed out by Vrecica [53] that, with F 2 -coefficients, the D% index bound gives the same bounds 
as the Hi = (Z 2 ) 2 index bound. This observation follows from the implication 

aW(a + by G (a d+1 , (a + b) d+1 ) => a ] V{a + b) j E (a d+1 + (a + b) d+1 , a d+2 + (a + b) d+2 ). 

By introducing a new variable c := a + b, it is enough to prove the implication 

aV(a + c) 3 G (a d+1 , c d+1 ) => aV(a + c) 1 G (a d+1 + c d+ \a d+2 + c d+2 ). (4) 

Let us assume that aid* (a + c) J G (a d+1 ,c d+1 ). The monomials in the expansion of a?c>{a + c) 3 always 
come in pairs 

a d+k c 3j-d-k 1 c d+k a 3j-d-k 

This is also true when j is even since (A 2 ) = mod2 implies there are no middle term. The sequence of 
equations 



a d+l c 3j-d-l 
a d+2 c 3]-d-2 


+ c d+1 a^- d - 1 
+ c d+2 a^- d - 2 


= 

= (a d ' 


-1 _ 
-1 _ 


he* 


-l^ c 3j-d-l + 3j-d-l) + a 3j + c 3j 

' 1 ){ac^- d - 2 + a^- d - 2 c) + a 3j '- 1 c + ac 3 ^ 1 


a 3j + < ;>J 




= (a d ^ 


-2 _ 




-2w a 3j-d-2 _|_ c 3j-d-2\ _|_ a d+2 c 3j-d-2 _|_ c d+2 Q 3j-d-2 
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shows that all the binomials 



a d+l c 3j-d-l + c d + l a3j -d-^ a d+2 c 3j-d-2 + c d+2 a 3,-d-2 j ^ fl3j + 

belong to the ideal (a d+1 + c d+1 , a d+2 + c d+2 } or none of them do. 
Since for 3j — d — 1 even 

3j-d-l 3j-d-l 3j-rf-l 3j-d-l 3j-d-l 3j-d-l 

a d+1+ 2 c 2 +c d+1+ 2 a 2 = (a d+1 +c d+1 )a 2 c 2 



(a d+1 +c d+ \a d + 2 + c d + 2 ) 



and for 3j — d — 1 odd 



j , n , 3j-d-2 3j-d-2 , , „ , 3j-d-2 3j-d-2 3j-d-2 3j-d-2 

the implication |(3J) is proved. 
1.4.2 Z-evaluation 

More is true, even the complete Dg index bound, now with Z-coefficients, implies the same bounds for 
the k = 2 hyperplanes mass partition problem. 

k k 

Lemma 1.5. Let a = ^ a{l l and b = ^ bi2 l be the dyadic expansions. Then 
i=l »=i 

b\ A fbi 



n 



fl 'mod2 i = i V */ mod 2 



This classical fact 20 about binomial coefficients mod 2 yields the following property for the sequence 
of polynomials ILj, d > 0. 



Lemma 1.6. Let q > and i be integers. Then 
f2"-i-i\ _ J 0, i ^ 
1, i = 



(A) 

(B) n 29 = y 2 



Proof. The statement (B) is the direct consequence of the fact (A) and the definition of polynomials lie;. 
For i {1,...,2 9-1 } the statement (A) is true from boundary conditions on binomial coefficients. Let 

i £ {1, ...,2' ? ~ 1 } and i = 2 fc . Then 

feeJC{0,...,g-l} 

2 q -l-i = 2° + 2 1 +2 2 + ... + 29- 1 - J2 2fe = E 2fc 

fcGJC{0,...,g-l} fce/ c C{0,...,g-l} 

where / c is the complementary index set in {0, q— 1}. The statement (A) follows from Lemma ll.5l □ 

Let j be an integer such that j = 2 q + r where < r < 2 q and d = 2 q+1 + 1 — 1. Let us introduce the 
following ideals 



(yiy\;i), for j even B — I ( n ^±2 ' n ^ ' -^Hf )> for d even 

{y^W^M.y^W 1 ^), for j odd an d } (IldL.IIits), ford odd 



The fact that D% index bound with Z-coefficients does not improve the mass partition bounds is the 
consequence of the following facts: 

• r = Aj c B d , 

• (r ^ 2" - 1 and Aj C B d ) => C 



(. 



Lemma 1.7. {y 2 " "w 2 " *) = A 2q C B 2 «+i-i = (n 29 ,n 2 , + i). 
Proof. Since y 2q = n 2q -i by Lemma ll.6[ 

y 2 "^W = n 2 ,-iW = n 2 ,-i +2 + yn 2 ,-i+i e (n 2 ,-i +1 ,n 2 ,-i +2 ). 

By induction on the power i of W in y 2q 1 >V 2i , 

y 2q "w g (n 2 ,- 1+l ,n 29 - 1+J+1 ), 

and consequently 

y^w 2 ' -1 G (n 29 ,n 2 , +1 ). 

□ 

Lemma 1.8. If r ^ 2<? - 1 and A, C B d then A J+1 C 
Proof. We distinguish two cases depending on the parity of j. 

(A) Let j be even and yiwi € (Ild+i , Ild+j). There are polynomials a and /3 such that 

yiw^ = and+i + /3nd+3. 

2 2 

Then 

(j + l) + l (j + l)-l j + 2 J / \ 

e lU(d+i)+2,MUd+i) c (nd+sjiid+sjTwnd+i) = -EWi, 

2 2 2 2 2 

and 

j; 121 ^ 1 )^ 111 ^ 1 = yw (^y^w^ ^ yw (au^i + f3n^ = aM 2 u^i + pywn^, 
e (Mu d+i , n d+3 ) c (n d+3 , n d+s , A4n d+i ) = B d +i . 

2 2 2 2 2 

Thus C 

(B) Let j be odd and 

ly^W^r M^y^W 1 ^ 1 ) = A.j CB d = (n J+ 2,n i+ 4,Mi). 

2 2 2 

There are polynomials a, /3 and 7 such that 

y^yy 1 ^ = aU d +2 + Bn d +4 + ■yMU d 

22 2 

and no manifestation of the definition relation Bid+4 = JTId+4 + Wild can be subtracted from the 

222 

presentation. Then 7_MIId e (Bid+2 , IId+4 ), and since M. is of odd degree 7 = Mrf' . In the first 

case the inclusion Aj+i C B d+1 follows directly. Consider 7 = Aij'. Since (y + X)WUi = yWHi 
for every i > 0, we have that 

j^w^t 1 = a n d +2 + 3u d +4 +j'm 2 Uc L = aii d+ 2 + pn d +4 +j'ywn d 

2 2 2 2 2 2 

= oTid+2 +/md+4 +7'y(ynd +1 + n i+2 ) e (n^.n^) = 

22 22 22 

Thus A j+1 C B d+1 . 

□ 
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2 Configuration space/ Test map scheme 



The Configuration Space/Test Map (CS/TM) paradigm (formalized by Zivaljevic in [27], and also beau- 
tifully exposited by Matousek in [53]) has been very powerful in the systematic derivation of topological 
lower bounds for problems of Combinatorics and of Discrete Geometry. 

In many instances, the problem suggests natural configuration spaces X, Y, a finite symmetry group G, 
and a test set Yq C Y, where one would try to show that every G-equivariant map / : X — > Y must 
hit Yo. The canonical tool is then Dold's theorem, which says that if the group actions are free, then the 
map / must hit the test set Yq C Y if the connectivity of X is higher than the dimension of Y \ Yo. 

For the success of this "canonical approach" one crucially needs that a result such as Dold's theorem 
is applicable. Thus the group action must be free, so one often reduces the group action to a prime order 
cyclic subgroup of the full symmetry group, and results may follow only in "the prime case," or with more 
effort and deeper tools in the prime power case. The main example for this is the Topological Tverberg 
Problem, which is still not resolved for (d, q) if d > 1 and q is not a prime power [231 Section 6.5, page 
151]. So in general one has to work much harder when the "canonical" approach fails. 

In the following, we present configuration spaces and test maps for the mass partition problem. 

2.1 Configuration space 

The space of all oriented afiine hyperplanes in R d can be identified with the sphere S d . Let R d be 
embedded in R d+1 by (xi, x d ) ' — ► (aci, x d , 1)- Then every oriented affine hyperplane H in R rf 
determines a unique oriented hyperplane H through the origin in R d+1 such that H n R d = H, and 
conversely if the hyperplane at infinity is included. The oriented hyperplane uniquely determined by the 
unit vector v £ S d is denoted by H v and the assumed orientation is determined by the half-space H^. 
Then HZ V = H+. The obvious and classically used candidate for the configuration space associated with 
the problem of testing admissibility of (d, j, fc) is 

Y d , k = (S d ) k . 

The relevant group acting on this space is the Weyl group Wk — (Z 2 ) fc x Sk- Each Z 2 = ({+1,-1},-) 
acts antipodally on the appropriate copy of S d (changing the orientation of hyperplane), while Sk acts 
by permuting copies. The second configuration space that we can use is 

v od , , od ndk-\-k — l 

Xd,k = p *. . .*b = b 

k copies 

The elements of X d ^ k are denoted by t\V\ + ... + t k Vk, with tj > 0, J^ii = 1, Vi 6 S d . The Weyl group 
W k acts on X d<k by 

e t ■ (hvi + ... + tm + ... + t k v k ) = hvi + ... + U(-Vi) + ... + tkVk, 

7T • (tlVi + ... + tiVi + ... + t k V k ) = t n -l^V n -l^ + ... + + ••• + *n-i(fc)Wir- I (fc)) 

where is the generator of the i-th copy of Z 2 and n G Sk is an arbitrary permutation. 

2.2 Test map 

Let A4 = {/ii, be a collection of mass distributions in R d . Let the coordinates of R 2 ^ be indexed 

by the elements of the group (Z 2 ) fc . The Weyl group Wk acts on R 2 by acting on its coordinate index 
set (Z 2 ) fe in the following way: 

((Pi, —,Pk) x tt) ■ (ai, ~,otk) = {0iUw-i(i), -;0ka 7r -i(k)) ■ 

The test map (f> : Y d ,k — > (R 2 Y used with the configuration space Y d ,k is a W^-equi variant map given by 

*(«i> ••-«*) - ((wW n ... n^) - ^m d )) iax _ akMZ2)k ) ■ 
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Denote the i-th component of by fa, i — 

To define a test map associated with the configuration space X^k, we discuss the (Z 2 ) fe - and Wk- 
module structures on R 2 . 

All irreducible representations of the group (Z 2 ) fc are 1-dimensional. They are in bijection with the 
homomorphisms (characters) \ '■ (^2) fe —> ^2- These homomorphisms are completely determined by the 
values on generators si,...,Sk of (Z 2 ) fe , i.e. by the vector (x(£i), x{ e k))- For (a\,..,ak) S (^2) fe let 
V ai ...a k — span{w Ql ... Qfc } C R 2 denote the 1-dimensional representation given by 

The vector v ai .. ak G {+1, — l} 2 *" is uniquely determined up to a scalar multiplication by — 1. Note that 

{v ai .. ak ,v [h .. [jk ) = 

for ct\...otk ^ 0i- ..(3k- For k = 2, with the abbreviation + for +1, — for — 1, the coordinate index set for 
K 4 is {++,+-,-+, }. Then 

w ++ = (l,l,l,l) , «+_ = (1,-1, 1,-1), 
«_+ = (l, 1,-1,-1) , v— = (1,-1, -1,1). 

The following decomposition of (Z 2 ) fe -modules holds, with the index identification (Z 2 ) fe = {+, — } k , 

R 2k =V+...+ ® V ai . 



— 1 x V 

ai...a fe G(Z 2 ) fc \{ + ... + } 

where V+...+ is the trivial (Z 2 ) fe -representation. Let R 2 k denote the orthogonal complement of V+...+ and 
7r : R 2 — > R 2 k associated (equivariant) projection. Explicitly 

R 2 k = {{x u ..,X 2 k) E R 2 " | Y, X i = °} = Yl VaL-.au, (5) 

ai...Q fc G(Z 2 ) fc \{ + ... + )} 

and 

X = (Xl, .-,X 2 k) I > 2fc^T ({ X !"ai...a t ))) ttl ... aie (Z 2 )*\{ + ... + } ' 

where (•,•) denotes the standard inner product of R 2 . Observe that 

im<£ = <t>(Y dtk ) C (R 2k y . 

Let a\...ak <E (Z 2 ) fc and let 7](a\...ak) = 2 — 2 The following decomposition of Wfc-modules holds 

fc 

R 2 * = © ]T ^ v ai ... afc -y+...+ ©i? 2fc . (6) 

n=l n=j)(Qi,..,Qfc) 

The test map r : — > Uk x (R2 k Y is defined by 
r(*iui +... +t fc Ufe) = (*i - ^,...,ife - jg) x 

h 2 2 (<Mui,...,Vfc),v Ql ... a J ) 

ai...a fc €(Z 2 )*\{+...+}/ i=1 

Here Uk = {(£i, ■ •>&;) G M fc | 53 & — 0} is a M^-module with an action given by 

((/Ji, ..,/3 fe ) x 7r) • (6, -,Cfe) := ■•,^7r- 1 (fe)) • 

The subgroup (Z 2 ) k acts trivially on f/fc. The action on Uk x {R 2 k) J is assumed to be the diagonal action. 
The test map r is well defined, continuous and Wfc-equivariant. 

Example 2.1. The test map r : Xj.k — ► £4 x (-R^) 5 is m the case of fc = 2 hyperplanes and j = 1 
measures given by r : X dj2 — > C/ 2 x i? 4 = C/ 2 x © ^_+) © V" ) and 

t {t 1 v 1 + t 2 v 2 ) = (t 1 -i,t 2 -3, 

<i(0(ui,t>2) ,v- + ),t 2 {4> {vx,v 2 ) ,v + -),tit 2 {(j){vi,v 2 ) ,v — )) 

where 

0(«i,«2) = (wTO n H%) ^(R d )) aia2e{Z2)2 € K 4 . 
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2.3 The test space 

The test spaces for the maps </> and r are the origins of (R 2 k) 3 an d U k X (R 2 k) J , respectively. The 
constructions that we performed in this section satisfy the usual hypotheses for the CS/TM scheme. 

Proposition 2.2. 

(i) For a collection of mass distributions M. — {fit, .., ^j} let <j) : Y d ± (-^2*0 an d T '■ X dik — * 
Uk x (R 2 k) 3 be the corresponding test maps. If 

(0,...,0)€4>(Y d<k ) or (0,..,0)er(%.) 

then there exists an arrangement of k hyperplanes 7i in M. d equiparting the collection M. . 

(ii) If there is no Wk-equivariant map with respect to the actions defined above, 

Y d , k -+(R 2k y\{(0,...,0)}, or Y d , k ^s((R 2k y)*S^ k -V-\ 

X d , k ^U k x(R 2k y\{(0,...,0)}, or X d ,k ^ S (U k x (R 2k y) ^ S^ 2k -^+ k - 2 , 

then the triple (d, j, k) is admissible. 
(hi) Specifically, for k — 2, if there is no D 8 = W 2 equivariant map, with the already defined actions, 

Y d . 2 ^(R 4 y\{(0,...,0)}, or Y d , 2 ^s((R 4 y^S 3 3-\ or 

X d , 2 -^U 2 x (R 4 y \{(0, 0)}, or S 2d+1 « X d , 2 -> S (u 2 x (R^) « S 3 ' , 

then the triple [d, j, 2) is admissible. 

Remark 2.3. The action of Wk on the sphere S(U 2 x (iLt)- 7 ) is fixed point free, but not free. For k = 2, 
the action of the unique Z4 subgroup of W 2 = D s on the sphere S(U 2 x (i?4) J ) is fixed point free. 

The necessary condition for the non-existence of an equivariant W^-map 

x d<k -> s(u k x (R 2 *y) 

implied by the equivariant Kuratowski-Dugundji theorem [3J Theorem 1.3, page 25] is 

dk + k- 1 > j(2 k - 1) + k- 2 d>2-^j ■ (7) 

For k = 2 the condition Q becomes 

<*>r§/i- (8) 



3 The Fadell— Husseini index theory 
3.1 Equivariant cohomology 

Let X be a G -space and X — > EGxgX ^5 BG the associated universal bundle, with X as a typical fibre. 
EG is a contractible cellular space on which G acts freely, and BG := EG/G. The space EG Xq X = 
(EG x X) /G is called the Borel construction of X in respect to the action of G. The equivariant 
cohomology of X is the ordinary cohomology of the Borel construction EG xq X, 

H* G {X) :=H*(EGx G X). 

The equivariant cohomology is a module over the ring H G (pt) — H*(BG). When X is a free G-space the 
homotopy equivalence EG x G X ~ X/G induces a natural isomorphism 

H* G (X)^H*(X/G). 
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The universal bundle X — > EG XqI ^ BG, for coefficients in the ring R, induces a Serre spectral 
sequence converging to the graded group Gr(H G (X, R)) associated with H G (X,R) appropiately filtered. 
In this paper "ring" means commutative ring with the unit element. The ii^-term is given by 

E P,q = H P (BG,H 9 (X,R)), (9) 

where Tt q (X,R) is a system of local coefficients. For a discrete group G, the £?2-term of the spectral 
sequence can be interpreted as the cohomology of the group G with coefficients in the G-module H*(X,R), 

E p 2 q = H p (G,H q (X,R)). (10) 

3.2 Indexes and Index^.^ 

Let X be a G-space, R a ring and w x the ring homomorphism in cohomology 

tt* x : H * (BG, R) -> H * (EG x G X, R) 

induced by mappings 

X EG Xgl 

I I 
{p} EGx G {p} wBG. 

The Fadell-Husseini (index-valued) index of a G-space X is the kernel ideal of tt x , 

Indexed := kenr x C H*(BG,R). 

The Serre spectral sequence (j9|) yields a representation of the homomorphism ir x as the composition 

H*(BG,R) -> E*/ -► KJ' -> -» ... -» C iT(EG x G 

The k-th Fadell-Husseini index is dehned by 

Index GR X = kcr (H*(BG, R) -> £j!' ), fc > 2, 
Index GR X = {0}. 

From the definitions the following properties of indexes can be derived. 

Proposition 3.1. Let X , Y be G-spaces and f : X — > Y a G-map. 

(1) Index Gfl X C H*{BG,R) is an ideal, for every k G N; 

(2) Index G fl X C Index G R X C Index G K X C ... C Index G ,R^ 

(3) U 

fcgN Index G fl X — IndexG,ij-^ 
Proposition 3.2. Let X and Y be G-spaces and f : X — > Y a G-map. Then 

Indexo iR (X) D Indexes (y) 

and for every k € N 

lndcx k G R (X) D Index Gii j(Y). 
Proof. Functoriality of all constructions implies that the following diagrams commute 

X ^ Y EG x G X -^-> EG x G Y H* (EG x G X,R) J— H* (EG x G y i?) 

{pt} BG H*(BG,R) 

ttx = f ° ity and it x — 7Ty o /* . Thus ker tt x D ker 7Ty . □ 
Example 3.3. S n is a Z2-space with the antipodal action. The action is free and therefore 
EZ 2 x Za 5" ~ S" 1 ^ « KP" =► HS(S n ,R) = H*(RP n ,R). 
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1. R = F 2 : The cohomology ring £T(BZ 2 ,F 2 ) = H*(RP°°,W 2 ) is the polynomial ring F 2 [t] where 
deg(t) = 1. The Z2-index of 5™ is the principal ideal generated by t n+1 : 

Index Z2 , F2 S" = Indexes 11 = (t n+1 ) C F 2 [t]. 

2. = Z: The cohomology ring #*(BZ 2 , Z) = #*(RP°°, Z) is the quotient polynomial ring Z[r]/{2r) 
where deg(r) = 2. The Z 2 -index of S n is the principal ideal 

t j nn t i n+2 c n J (t^), for 71 odd 

Index Zo . z 5 = Index z ^ z 6 = < : „+2; 



(t -3- ), for n even 



Example 3.4. Let G be a finite group and 77 a subgroup of index 2. Then H <\G and G/iJ = Z 2 . Let 
V be the 1-dimensional real representation of G defined for v G V by 

u, for g <E H 

—v, for g ^ H 

There is a G-homeomorphism S(V) ~ Z 2 . Therefore by [16[ last equation on page 34]: 
EG x G S(V) w EG x G (G/iJ) « (EG x G G) /ff w EG/H » Bif 

and 

Index Gifl 5(F) = ker (resg : iT (G, i?) -> i?)) . (11) 



3.3 The restriction map and the index 

Let X be a G-space and -FT a subgroup. Then there is a commutative diagram of fibrations [TOI pages 
179-180]: 

EGx G I EGx K l 

I I (12) 

BG = EG/G *5L EG/K = BX 

induced by inclusion i : X C G. Here EG in the lower right corner is understood as a X-space and 
consequently a model for EX. The map Bi is a map between classifying spaces induced by inclusion i. 
Now with coefficients in the ring R we define 

res£ :=H*(f) : X*(EG x G X, R) -> X*(EG x K X, i?). 

If G is a finite group, then the induced map on the cohomology of the classifying spaces 

res| = (B*)* : H*(BG, R) -> H*(BK, R) 

coincides with the restriction homomorphism between group cohomologies 

resf : H*(G,R) -»• H*(K,R). 

Proposition 3.5. Let X be a G-space, and X and L subgroups of G. 

(A) The morphism of fibrations (|12|> provides the following commutative diagram in cohomology 

X*(EGx G X,i?) —5 H*(EGx K X,R) 

|tJ (13) 

H*(BG,R) —5 H*(BK,R) 

(B) For every x G H*{BG,R) and y £ H*(EG x G X, R), 

res|(x • y) = resf (x) ■ resf (y). 
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(C) L C K C G => resg = resf o res^-. 

(D) TTie map of fibrations (|12p induces a morphism of Serre spectral sequences 

T*'* : E*'*(EG x G X,R)^ E*'*{EK x K X, R) 

such that 

(1) r^* = resg : iJ*+*(EG x G X,R) -> H*+*(EG x K X, R), 

(2) r^' = resg : H*{BG,R) -» H*(BK,R). 

(E) Let R and S be commutative rings and (f> : R — * S a ring homomorphism. There are morphisms: 

(1) in equivariant cohomology $* : H*(EG x G X, R) — > H*(EG x G X, S), 

(2) in group cohomology $* : H*(G,R) — > H*(G,S), and 

(3) between Serre spectral sequences $*'* : E*'*(EG x G X,R) — > £7*'* (EG Xg X,S), 
induced by <j) such that the diagram on Figure [7] commutes. 



H*(EGx G X,R) 



H*(EGx K X,R) 



<lr ... 



H*(EGx G X,S) 



H*(BG, R) 



(I) 



-> H*(EGx K X,S5 



<D 



h> H*(BK,R) 



H*(BG,S) 



H*(BK,S) 



Figure 1: Diagram induced by coefficient map <f> : R — > S* 

Remark 3.6. By the morphism of spectral sequences in properties (D) and (E) we mean that 

T*'*o di = di oT*'* and $*'* o $ = di o $*'*. 

These relations are applied in the situations where the right hand side is ^ for a particular element x, 
to imply that the left hand side T*'* o di(x) or $*'* o di(x) is also ^ 0. In particular, then di(x) ^ 0. 





Figure 2: Illustration of Proposition l3~5l (D) and (E) 



Proposition 3.7. Let X be a G-space and K a subgroup of G. Let R and S be rings and <f> : R — > S a 
ring homomorphism. Then 

(1) res£ (Indexed) C Index^X, 

(2) resg (lndex G R X) C Index^ H X /or ewn/ reft, 

(3) $*(Index Gifl X) C Index GjS X, 

(4) $*(Index G ^X) C Index G ^X 

Proof. The assertion about the Indexe s follows from the diagram (fTB")) and Figure [TJ The commutative 
diagrams 

e;.'°{eg x g x) ^ e;>°{ek x k x) 
T T 



H*(BG) 



H*{BK) 
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and 

E*'°(EGx G X,R) *^ Ep°(EG x G X,S) 
T T 

H*{BG,R) ^ H*(BG,S) 

imply the partial index Index G R assertions. □ 

3.4 Basic calculations of the index 
3.4.1 The index of a product 

Let X be a G-space and Y an H-space. Then X x Y has the natural structure of a G x H space. 
What is the relation between three indexes IndexG X #(X x Y), Indexed), an d Index#(F)? Using the 
Kiinneth formula one can prove the following proposition [T^l Corollary 3.2], [551 Proposition 2.7] when 
the coefficient ring is a field. 

Proposition 3.8. Let X be a G-space and Y an H-space and 

H*(BG,k)=k[x u ...,x n ], H*(BH,k)^k[ yi ,...,y n ] 
the cohomology rings of the associated classifying spaces with coefficients in the field k. If 
Index Gik X = and IndcxH,k(Y) = (g%, gj), 

then 

Index G x_f/,k^ = (fx, ...,gj) C k[xi, ...,x 

rai Hi ) •••> 2/raJ • 

The (Z 2 ) fc -index of a sphere product can be computed using this proposition and Example 13.31 
Corollary 3.9. Let S ni x ... x S" k be a (Z 2 )* -space with the product action. Then 
Index^^S" 1 x ... x = (t^ +1 , t n k « +1 ) C F 2 [ti, t k }. 
Unfortunately when the coefficient ring is not a field the claim of Proposition 13 . 81 does not hold. 
Example 3.10. Let S n x S n be a (Z2) 2 -space with the product action. From the previous corollary 

Index (Za) 2 iFa S n x S" = (i^SO C ¥ 2 [t 1 ,t 2 ] = H*((Z 2 ) 2 , F 2 ). (14) 
To determine Z-index we proceed in two steps. 

Cohomology ring H*((Z 2 ) 2 , Z): Following [19l Section 4.1, page 508] the short exact sequence of coeffi- 
cients 

0^Z^Z^>F 2 ^0 (15) 

induces a long exact sequence in group cohomology 6, Proposition 6.1, page 71] which in this case reduces 
to a sequence of short exact sequences for k > 0, 

0^# fe ((Z 2 ) 2 ,Z) C H k ((Z 2 ) 2 ,¥ 2 ) ^# fc+1 ((Z 2 ) 2 ,Z) ->0. (16) 

Therefore, like in [T9] Proposition 4.1, page 508], 

iT((Z 2 ) 2 ,Z) ^Z[t 1; t 2 ] ®Z[ M ] (17) 

where degri = degr 2 = 2, deg fi = 3 and 

2ti = 2r 2 = 2/i = and ^i 2 = tit 2 (ti + r 2 ). 

The ring morphism j : Z — > F 2 , from the coefficient exact sequence (jl5[) . induces a morphism in group 
cohomology 3* : iJ*((Z 2 ) 2 ,Z) -» H*({Z 2 ) 2 , F 2 ) given by: 

n 1— » t 2 , t 2 ^ t 2 , /, 1— » t^ti + t 2 ). (18) 
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The arguments used in computation of the cohomology with integer coefficients come from the Bockstcin 
spectral sequence [5], [5J pages 104-110] associated with the exact couple 

IP((Z 2 ) 2 ,Z) ^IP((Z 2 ) 2 ,Z) 

iP((Z 2 ) 2 ,F 2 ) 

where deg(p) = deg(q) = and deg(J) = 1. The first differential d\ = q o 6 coincides with the the first 
Steenrod square Sq 1 : H*((Z 2 ) 2 , F 2 ) -> H* +1 ((Z 2 ) 2 ,¥ 2 ) and therefore is given by 

1 i — > 0, i i i — s- i 2 , t 2 i ► t 2 . 

Consequently, t\t 2 \— > t\t 2 + tit 2 . The spectral sequence stabilizes in the second step since the derived 
couple is 

— > 
F 2 

where ¥ 2 is in dimension 0. 

Index(z 2 )2.zS' n X S n : The (Z 2 ) 2 action on S n x S n , as product of antipodal actions, is free and therefore 

E(Z 2 ) 2 x (Z2) 2 (S™ x S n ) ~ (S n x S n ) /(Z 2 ) 2 a MP" x RP n . 
Using equality (|X4[). Proposition 13. 5I E. 3 on the coefficient morphism j : Z — > F 2 , the isomorphism 

H* Z2)2 {S n x 5",Z) = H*(RP n x KP",Z) 
and the existence of the (Z 2 ) 2 -inclusions 

it can be concluded that 

^W^'a fl forn odd cP*((Z 2 ) 2 ,Z). (19) 

3.4.2 The index of a sphere 

We need to know how to compute the index of a sphere that is not equipped by the antipodal Z 2 -action 
only. The following three propositions will be of some help Proposition 3.13], [551 Proposition 2.9]. 

Proposition 3.11. Let G be a finite group and V an n- dimensional complex representation of G. Then 

Index G , z S(y) = <c n (V)) C H*(G,Z) 
where c n (V) is the n-th Chern class of the bundle V — > EG Xg V —> BG. 

Proof. If the group G acts on H*(S(V), Z) trivially, then from the Serre spectral sequence of the sphere 
bundle 

S(V) — > EG x G S(V) — > BG 

it follows that 

lndex GtZ S(V) = (e(V G )) C iT(G,Z), 

where e(V") is the Euler class of the bundle V — » EG x G V — > BG. Now V is a complex G-representation, 
therefore the group G acts trivially on H*(S(V), Z). From [T71 Exercise 3, page 261] it follows that 

e(Vfe)=c„(Vb) 

and the statement is proved. □ 
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Proposition 3.12. Let U , V be two G -representations and let S(U), S(V) be the associated G-spheres. 
Let R be a ring and assume that H*(S(U), R), H*(S(V), R) are trivial G-modules. If Indexes (S (U)) = 
(/} C H*{BG,R) and lndex G M S ( V )) = (g) C H*(BG,R), then 

IndexG tR S(U®V) = (f ■ g) c H*(BG,R). 

Proposition 3.13. (A) Let V be the 1- dimensional (Z 2 ) fc -representation with the associated ±1 vector 
(ai,..,a.k) £ (Z 2 ) fc (as defined in Section^). Then 

Index (Z2 )fc iF2 S , (F) = (a 1 t 1 + ... + a k t k ) C ¥ 2 [h, ...,**], 

where oti = if cti = 1, and b\ = 1 if oti = — 1. 
(B) Let U be an n-dimensional (Z 2 ) -representation with a decomposition U = V\ © ... © V n into 1- 
dimensional (Z2) -representations Vi,...,V n . If (an, ..,a k i) S (Z 2 ) fc is the associated ±1 vector 
of Vi , then 

n 

lndex (Ii2 )k^ 2 S(U) = ( T[ + - + ®kitk) ^ C ¥ 2 [h, ...,t k ]- 

1=1 

Example 3.14. Let V-+, and V be 1-dimensional real (Z 2 ) ^representations introduced in Section 

Then by Proposition ^. 131 



Index( Z2 )2 :I . 3 5(F_+) = Index (Z3 )2 iF2 5(F + _) = (t 2 ), Index (Z2) 2 iF2 5(^— ) = (h + t 2 ). 

On the other hand, Example 13.41 and the restriction diagram (I41|) imply that 

Index (Z2 )2 iZ ,S'(V_ + ) = (ri,fx), IndeX( Z2 )2 iZ S'(V+_) = (r 2 ,/z), Index (Z2 ) 2;Z S'(l/__) = (n + r 2 ,[i). 

4 The cohomology of D$ and the restriction diagram 

The dihedral group W 2 = D s = (Z 2 ) 2 x Z 2 = ((ei) x (e 2 )) xi (a) can be presented by 

D 8 = ( £l ,a I el =<r 2 = (e lf r) 4 = 1). 

Then (e\o~) = Z4 and e 2 = oe\o. 



4.1 The poset of subgroups of D 8 

The poset Sub(G) denotes the collection of all nontrivial subgroups of a given group G ordered by 
inclusion. The poset Sub(G) can be interpreted as a small category © in the usual way: 



• Ob(<8) = Sub(G), 

• for every two objects H and K, subgroups of G, there is a unique morphism fu,K ■ H 
H D K, and no morphism if H ^ K , i.e. 

The Hasse diagram of the poset Sub(Ds) is presented in the following drawing. 
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4.2 The cohomology ring H*(D 8 ,¥ 2 ) 

The dihedral group D% is an example of a wreath product. Therefore the associated classifying space 
can, as in [TJ page 117], be written explicitly as 

BD 8 = B(Z 2 ) 2 x Z2 EZ 2 « (B(Z 2 ) 2 ) x Z2 EZ 2 , 

where Z 2 = (a) acts on (BZ 2 ) 2 by interchanging coordinates. Presented in this way BD§ is the Borcl 
construction of the Z 2 -space (BZ 2 ) 2 . Thus BD$ fits in a fibration 

B(Z 2 ) 2 -> (B(Z 2 ) 2 ) x Z2 EZ 2 -> BZ 2 . (20) 

There is an associated Serre spectral sequence with E^-term 

p , q _ f J fff(BZ 2 ,H?(B(Z 2 ) 2 ,F 2 )) J #p+«(BD 8 ,F 2 ) , 91 * 

^ 2 \ /iP(Z 2 ,tf*((Z 2 ) 2 ,F 2 )) ^ \ tfP+<?(I? 8 ,F 2 ) lZiJ 

which converges to cohomology of the group D$ with F 2 -coefhcients. This spectral sequence is also the 
Lyndon-Hochschild-Serre (LHS) spectral sequence [U Section IV. 1, page 116] associated with the group 
extension sequence: 

1 -» (Z 2 ) 2 - D 8 -> £> 8 /(Z 2 ) 2 -> 1. 

In [TJ Theorem 1.7, page 117] it is proved that the spectral sequence (|2"Tj) collapses in the i? 2 -term. 
Therefore, to compute the cohomology of Dg we only need to read the E^-term. 

Lemma 4.1. 

(i) H* ((Z 2 ) 2 ,F 2 ) = r ing F 2 [a, a + b], where deg(a) = deg(a + b) = 1 and the Z 2 -action induced by a is 
given by a ■ a = a + b. 

(ii) ff*((Z 2 ) 2 ,F 2 ) Z2 ^ ring F 2 [6,a(a + 6)]. 

(iii) H l ((Z 2 ) 2 ,F 2 ) =z 2 _ mo duic F 2 [Z a ]" 1 ' 1 © F^' 2 , where s iA > 0, s h2 > and F 2 [Z 2 ] denotes a free 
Z 2 -module and F 2 a trivial one. 

(iv) E*' 1 = H*(Z 2 ,H i ((Z 2 ) 2 ,F 2 )) ^ ri ng H*(Z 2 ,W 2 )® S *- 2 ®¥ s 2 iA , where F^' 1 denotes a rins concentrated 
in dimension 0. 

Proof, (i) The statement follows from the observation that B(Z 2 ) 2 w (B(Z 2 )) 2 , and consequently 

H* ((Z 2 ) 2 ,F 2 ) = ring H* (Z 2 ,F 2 ) © if* (Z 2 ,F 2 ) = ring F 2 [a] ©F 2 [a + b}. 

The Z 2 -action interchanges copies on the left hand side. Generators on the right hand side are chosen 
such that the Z 2 -action coming from the isomorphism swaps a and a + b. 

(ii) With the induced Z 2 -action b = a + (a + 6) and a{a + 6) are invariant polynomials. They generate 
the ring of all invariant polynomials. 

(iii) The cohomology H l ((Z 2 ) 2 ,F 2 ) is a Z 2 -module and therefore a direct sum of irreducible Z 2 - 
modules. There are only two irreducible Z 2 -modules over F 2 : the free one F 2 [Z 2 ] and the trivial one F 2 . 

(iv) The isomorphism follows from (iii) and the following two properties of group cohomology [151 
Exercise 2.2, page 190] and [H Corollary 6.6, page 73]. Let M and N be G-modules of a finite group G. 
Then 

(a) H*(G, M ® N) = H*{G, M) © H*(G, N) 

(b) M is a free G-module =>• H*(G, M) = H°(G, M) M G . 
Applied in our case, this yields 

E* 2 l = ring ff*(Z 2 ,ff 4 ((Z 2 ) 2 ,F 2 )) 

=ring ff*(Z 2 ,F 2 [Z 2 ] s *' 1 ©F^' 2 ) 

=ring H*(Z 2 ,¥ 2 [Z 2 })^ ©iJ*(Z 2 ,F 2 ) e 

=rin g H°(Z 2> ¥ 2 [Z 2 })^ ffiiT(Z 2 ,F 2 ) e 

=ring (F 2 [Z 2 ] Z2 )® S ^ ©iJ*(Z 2 ,F 2 )® S - 2 
=ring F 2 ® Sl ' 1 © _ff*(Z 2 ,F 2 ) eS *' 2 

□ 



is;, 2 

'Si. 2 
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Let the cohomology of the base space of the fibration ([20)1 be denoted by 

H*(Z 2 ,¥ 2 ) = ¥ 2 [x]. 
The E 2 -teim (f2"TT) can be pictured as in Figure [31 
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Figure 3: i? 2 -tcrm 
The cohomology of Dg can be read from the picture. If we denote 

y:=b, w:=a(a + b) (22) 

and keep x as we introduced, then 

H*(D 8 ,¥ 2 )=¥ 2 [x,y,w]/{xy). 

Also, the restriction homomorphism 

res%l:H*(D 8 ,F 2 ) = F 2 [x,y,w]/(xy) -» Jf*(JTi,F 2 ) = ¥ 2 [a, a + b] (23) 
can be read off since it is induced by the inclusion of the fibre in the fibration (|20| . On generators, 

res^ (a;) = 0, res^ (y) = b, res^ (w) = a(a + b). (24) 

4.3 The cohomology diagram of subgroups with coefficients in F 2 

Let G be a finite group and R an arbitrary ring. Then the diagram ReS(^) : 25 — > !TOnjj (covariant functor) 
defined by 

Ob(0) 3 H i — ► H*{H,R) 
(HDK) i — > (resg : H*{H,R) -» H*(K,R)) 

is the cohomology diagram of subgroups of G with coefficients in the ring _R. In this section we assume 
that R = ¥ 2 . 

4.3.1 The Z 2 x Z 2 -diagram 

The cohomology of any elementary abelian 2-group Z 2 x Z 2 is a polynomial ring F 2 [x, y], deg(ir) = 
deg(y) = 1. The restrictions to the three subgroups of order 2 are given by all possible projections 
F 2 [x,y] ^F 2 [t], deg(t) = 1: 



(x h- ► t, y h- ► 0) or (x h> 0, y h> t) or (a; i— > i, y •— > t) 
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Thus the cohomology diagram of the subgroups of Z 2 x Z2 is 





z 2 


x Z 2 






F 2 






x 1 ► 


X 






y >-> h 

/ 


2/ 


1 > 
1 


y ^ h 
\ 


z 2 




z 2 




z 2 


F2 [*! ] 




F 2 


[* 2 ] 




F 2 [t 3 ] 



(25) 



4.3.2 The £> 8 -diagram 

For the dihedral group Dg, from [7] and ([23]) , the two top levels of the diagram can be presented by: 



D* 



F 2 [x,y;w]/{xy } 



deg : 1,1,2 



x 1 ► 
y^b 



-ab 



X I — ► 6 

y^e 
w 1— ► u 
I 



x 1 > e? 
1— > c 2 +crf 



(26) 



#1 




#2 




#3 


F 2 [a, 6] 




F 2 [e,u]/(e a ) 




F 2 [c, d] 


deg : 1,1 




deg : 1,2 




deg : 1, 1 



Let H*(K t ,¥ 2 ) = F 2 [t 4 }, deg(ii) = 1. From [JJ Corollary II.5.7, page 69] the restriction 

res£» : (iT(# 2 , F 2 ) = F 2 [e, u] /<e 2 )) — (H*{K 3 , F 2 ) = F 2 [i 3 ]) 

is given by e 1— > 0, u 1— > t§. Thus, the restriction res^ is given by x 1— » 0, y 1— > 0, it) 1— > i§. Using diagrams 
(|23|) , (f2"6")l with the property (C) from Proposition (|3.5I we almost completely reveal the cohomology 
diagram of subgroups of D$ . The equalities 

res^ = resf \ o res#* = resf * o resg® = resf* o res^ 



imply that 

. resfj : ( H*(H U F 2 ) = F 2 [a, 6]) 
. resjg :( J ff*(ff 3 ,F 2 )=F 2 [c,d]) 



( fl-*(if 3 ,F 2 ) = F 2 [t 3 ]) is given by a ^ t 3 , b^ 0, 
( H*(K 3 ,¥ 2 ) = F 2 [t 3 ]) is given by c ^ t 3 , d •-> 0. 



F 2 [0,6] 



deg : 1, 1 



a 1—^3 
6^0 



Ho 



F 2 [e, U ]/(e z } 



deg : 1,2 



u *—>t 3 



#3 



F 2 [t 3 



deg : 1 



Ho 



¥ 2 [c,d] 



deg : 1,1 



c 

/ 



(27) 



The cohomology diagram (123)) of subgroups of Z 2 x Z 2 and the part l|27p of the Dg diagram imply that 
• res^ : F 2 [a, b] — > F 2 [t 1 ] and res^J, : F 2 [a, b] — ► F 2 [i 2 ] are given by 

(a i — y ti^b 1 — ^ ti and a 1— > 0, 6 1— > t 2 ) or (a 1— > 0, b 1— » ii and a 1— > t 2 , 6 1— > t 2 ) , 
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• res£* : F 2 [c, d] — > F 2 [t 4 ] and res£ 3 5 : F 2 [a, b] — ► F 2 [t s ] are given by 

(c i > ^4 , d i > ti and c 0, (i i— > or (c i— » 0, d h- > f 4 and c i — > ^5 , 1 — > t$) . 

Proposition 4.2. For all i ^ 3, res^ 8 (ui) = 0, while res^ 8 (u?) 7^ 0. 

Proof. The result follows from the diagram ([2^)1 discussing both cases (C) and (D). □ 
Corollary 4.3. The cohomology of the dihedral group _D 8 is 

H*(D 8 ,¥ 2 )=¥ 2 [x,y,w]/(xy) 

where 

(a) x e iJ 1 ( £, s,F 2 ) and resj£(x) = ; 

(b) y e H 1 (D 8 ,¥ 2 ) and res^(y) = 7 

(c) u; G ff 1 (Z> 8 ,F 2 ) and res^(w) = res£ s 2 (w) = res£*(to) = res^(io) = and res^(io) ^ 0. 
Assumption Without losing generality we can assume that 

vesf i (a)=t 1 , resj£(&)=ti, resj£(a)=0, resj£(&)=t 2 . (28) 

4.4 The cohomology ring H*(D$,Z) 

In this section we present the cohomology H*(D 8 ,Z) based on: 

A. Evans' approach [TTJ Section 5, pages 191-192], where the concrete generators in H*(D 8 ,Z) are 
identified using the Chern classes of appropriate irreducible complex D 8 -representations. We also 
consider LHS spectral sequences associated with following two extensions 

1 -» Hi -» D$ -> D 8 /(Z 2 ) 2 -> 1 and 1 -> iJ 2 -> L> 8 -> D 8 /Z 4 -> 1. (29) 

Unfortunately, the ring structure on -terms of these LHS spectral sequences is not going to 
coincide with the ring structure on H*(D 8 ,Z). 

B. The Bockstein spectral sequence of the exact couple 

H*(D 8) Z) H*(D 8> Z) 
H*(D 8 ,¥ 2 ) 

where di = q o 5 = Sq 1 : H*{D H ,¥ 2 ) -» H* +1 (D$ 7 F 2 ) is given by di (2) = a; 2 , di (y) = y 2 and 
di (w) = (x + y)w pQ Theorem 2.7. page 127]. This approach allows detection of the ring structure 
on H*(D 8 ,Z). 

4.4.1 Evans' view 

Let V9_ © =CffiC, Fp_ = C and E/f' = C be complex Dg-representations given by 

A. For (u,v) E Vf_ (SVS+: 

£i • (u, v) — (u, —v), e 2 • (it, v) — (—it, v), a ■ (it, i?) = (v, u). 

B. For u S 

£i • it = —it, e 2 • u — —u, a ■ u = u. 

C. For u £ U^: 

E\ ■ u = u, e 2 ■ u = it, a ■ u = —u. 
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There are isomorphisms of real Z?8-representations 

Let Xi, ^ G H* (D%,1) be 1-dimensional complex Z?s-representations given by character (here we assume 
identification c x : Hom(G,C7(l)) -v H 2 {G,1), 2, page 286]): 

Xi(ei)=l, Xi(£2) = l, Xi(<7) = -1, 

c(£i) = -i, e(e a ) = -i, ew = -i. 

Then xi = C^Fj £ = U% ® and consequently 

c 1 (C/ 2 c )=Xi, and c 1 (C/ 2 c ) + c 1 (K c _)=e (30) 

The cohomology H*(D 8 ,Z) is given in [TTJ page 191-192] by 

ff*(£> 8 ,Z)=Z[£,xi,C,x] (31) 

where 

deg£ = degxi = 2, degC = 3, degx = 4 

and 

2£ - 2 X i - 2C - 4 X = 0, xl = £ ■ Xi, C 2 = £ ■ X- (32) 
There are three 1-dimensional irreducible complex representations of Z^: 

i, g = c/ 2 c ® vi c „, xi = c/ 2 c , £® xi = KL, 

and one 2-dimensional complex representation which is denoted by p in [111 page 191-192]: 

p = v£_®vS+. 

It is computed in [TTJ page 191-192] that 

c(V^_®VS + ) =l+e + X and c 2 (F_£L © ^5+) = X- (33) 

The relations (j3"0|) and (|33|) along with Proposition 13.111 imply the following statement. 

Proposition 4.4. Index 08 , z S(V5_) = (£+Xl}> lndex Ds ^S(U^) = (xi), Index 08 , z S(yf_ ®VS+) = (x)- 

Before proceeding to the Bockstein spectral sequence approach we give descriptions of the i? 2 -terms of 
two LHS spectral sequences. Even it is not an easy consequence, it can be proved that both spectral 
sequences stabilize and that £7 2 — -Eoo- 

LHS spectral sequences of the extension 1 — » H x — ► D$ — ► D$/Hi — > 1. The LHS spectral se- 
quence of this extension (f2Tj) allowed computation of the cohomology ring H*(D%, F 2 ) with F 2 coefficients. 
If we now consider Z coefficients, then the -E 2 -term has form 

E™ = H P (D$/Hi, H q (fTi.Z)) = H p {Z 2 ,H q ((Z 2 ) 2 ,Z)). (34) 

The spectral sequence converges to the graded group Gr (H p+q (D s , Z)) associated with H p+q (D s ,Z) 
appropriately filtered. To present the i? 2 -term we chose generators of H* (Hi,Z) consistently with choices 
made in Lemma I4TT1 Let j : Z — > F 2 be a ring morphism and j* : H*(Dg,Z) —> i?*(_Dg,F 2 ) the induced 
map in cohomology. Consider the following presentation of the Hi cohomology ring: 

H* (H x , Z) = Z[a, a + 0\ ® Z[m] (35) 

where 

A. deg(a) = deg(/3) = 2, deg( M ) = 3; 
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a(a+P), p 2 



a(a+P)®.v 



a(a+P)®.v 2 



Figure 4: _E2-term of extension 1 — »• H\ — * D% — * D$/Hi — > 1. 



B. 2a = 2/3 = 2{i = and ^ 2 = a/3 (a + j3)\ 

C. a action on H* {Hi, Z) is given by a ■ a = a + (3 and a ■ fj, = //; 

D. j* (a) = a 2 , j* 09) = 6 2 , j* ( M ) = a6(a + b). 
Now the .E 2 -term (Figure 2]) is given by 



^ 9 ^Ff(Z 2 ,F«((Z 2 ) 2 ,Z)) = 



£P(Z 2 ,Z), 
0, 

£P(Z 2 ,F 2 [Z 2 ]), 



g = 

9 = 1 
q = 2 . 

q = 3 
q>3 



The morphism of LHS spectral sequences of the extension 1 — > Hi —> D$ —> D%/Hi — > 1 induced by 
the ring map j : Z — > F 2 (Proposition [33] E. 3) gives a proof that £ 2 = £?oo f° r Z coefficients. The ring 
structures on and H*(D$, Z) do not coincide, moreover there is no element in Eoo of exponent 4. One 
thing is clear, the element [i in £? 2 = -Eoo-term coincides with the element £ in the Evans' presentation 
nj of H*(D 8 ,Z). 



LHS spectral sequences of the extension 1 — ► if 2 — * -Ds — * Dg/H 2 — > 1. The i? 2 -term has the 
form: 

r F p (z 2! z) ! 

=HP(D S /H 2 ,H«(H 2 ,Z)) = iP(Z 2 ,i/«(Z 4 ,Z)) = J ^, _^ 

[ HP(Z 2 ,Z 4 ), 

where Z4 = Z4 is a non-trivial Z 2 -module. Using Example 2, page 58-59] the i? 2 -term gets the 
shape as in the Figure This picture gives just two hints: there might be elements of exponent 4 in the 
cohomology H*(D$, Z) and definitely there is only one element ( of degree 3 from the Evans' presentation. 



q = 
q odd 

q even and 4 { q 
q > even and &\q 



Conclusion. The LHS spectral sequences of different extensions gives an incomplete picture of the 
cohomology ring with integer coefficients, H* (Dg,Z). Therefore, for the purposes of the computations 
with Z coefficients we use Bockstein spectral sequence utilizing results obtained by LHS spectral sequence 
with F 2 coefficients. Presentations of these two spectral sequences are going to be used in the description 
of the restriction diagram in Section 14.51 
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Figure 5: _E2-term of extension 1 — ► H2 — * D% — * D^jH-x — ► 1. 



4.4.2 The Bockstein spectral sequence view 

x 2 

Let G be a finite group. The exact sequence 0^Z^Z^F2^0 induces a long exact sequence in 
group cohomology, or an exact couple 

H*{G,Z) ^ H*{G,Z) 
H*(G,¥ 2 ) 

The spectral sequence of this exact couple is the Bockstein spectral sequence. It converges to 

(H*(G, Z)/torsion) ® F 2 

which in the case of the finite group G is just F2 in dimension 0. Here "torsion" means Z-torsion. The first 
differential d\ — j o S is the Bockstein homomorphism and in this case coincides with the first Steenrod 
square Sq 1 : H*(G,¥ 2 ) -> H* +1 (G,¥ 2 ). 

Let H be a subgroup of G. The restriction res^r commutes with the maps in the exact couples associated 
to groups G and H and therefore induces a morphism of Bockstein spectral sequences [El page 109 before 
5.7.6]. 

Consider two Bockstein spectral sequences associated with D% and its subgroup H 2 = Z4. 

A. Group D s . The exact couple is 

H*(D 8i Z) H*(D S ,Z) 

' *\ /i (36) 

H*(D S ,W 2 ) 

and d\ — j o 8 = Sq 1 is given by di (x) — x 2 , d\ (y) — y 2 and d\ (w) — (x + y)w, [H Theorem 2.7. 
page 127]. The derived couple is 

2-H*(D s ,Z) -^2- H*(D 8 ,Z) 
(x 2 ,y 2 , xw, yw, w 2 )/ (x 2 , y 2 , xw + yw) 

Then by [i Remark 5.7.4, page 108] there are elements X,y G H 2 {D%,1), M £ H 3 (D$,Z) of 
exponent 2 such that j(X) = x 2 , j(y) — y 2 , j(M) = (x + y)w and Xy = 0. 

B. Group Z4. The exact couple is 

F*(Z 4 ,Z) ^ ff*(Z 4 ,Z) 

s \ ■ (37) 
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Since i?*(Z 4 ,Z) = Z[U}/(4U), degU = 2 and H*(Z 4 ,¥ 2 ) = F 2 [e,u]/(e 2 }, dege = 1, degu = 2, the 
unrolling of the exact couple to a long exact sequence [51 Proposition 6.1, page 71] 

x2 







#°(Z 4 ,Z) x2 ff°(Z 4 ,Z) 

Z , 1 ' Z , 1 

ff^Z^Z) x2 ff 1 (Z 4 ,Z) 



ff 2 (Z 4 ,Z) x2 i? 2 (Z 4 ,Z) 

z 4 , u ~ z 4 , u 

H 3 (Z 4l Z) x2 H 3 (Z 4l Z) 



ff 4 (Z 4 ,Z) 

c/ 2 



ff°(Z 4 ,F 2 ) 
F 2 , 1 

H 1 (Z 4 ,F 2 ) 
F 2 , e 

H 2 (Z 4 ,F 2 ) 
F 2 , u 

H 3 (Z 4 ,¥ 2 ) 
F 2 , eu 



allow us to show that for j > : 

S(u l ) = and ^(eu' 
Thus g?i = and the derived couple is 



2U l 



2-H*{Z 4 ,Z) 2-H*(Z 4 ,Z) 

Si ^ yh 

H*{Z 4l ¥ 2 ) 

Moreover, by definition of the differential of derived couple we have that 

d 2 {u l ) = and d 2 {eu l ) = u i+1 . 

The restriction map res^ : H*(D$,¥ 2 ) — > H*(H 2 ,¥ 2 ) is determined in the restriction diagram (j26|) . 
Therefore, the morphism between spectral sequences induced by the restriction res H 8 implies that: 



resj^ (d 2 [xw\) = d 2 (res^ 



d 2 (eu) 



and consequently 

d 2 [a;w] = [w 2 ] 

Here [.] denotes the class in the quotient (x 2 ,y 2 ,xw,yw,w 2 } / ' {x 2 ,y 2 ,xw + yw) . Thus, by [51 Remark 
5.7.4, page 108] there is an element W G H 4 (D S ,Z) of exponent 4 such that j(W) — w 2 and M 2 = 
W(X + y). The second derived couple of ([36]) stabilizes. Thus the cohomology ring H*(Ds, Z) and the 
map j : H*{D S ,Z) — > H*(D 8 ,¥ 2 ) are described. 

Theorem 4.5. The cohomology ring H* (D%,Z) can be presented by 

H*(D 8 ,Z) = Z[X,y,M,W] 



where 
and 

The map j : H*(Dg 



degX = degy = 2, deg M = 3, degW = 4 

2X = iy = 2M = AW = 0, Xy = 0, M 2 = W(X + y). (38) 
— ► H*(Dg,,¥ 2 ), induced by the reduction of coefficients Z — > ¥ 2 , is given by 



X ^x A 



y^y 2 , 



Ai >-^w(x + y) 



W h-hu 2 



(39) 



Remark 4.6. The correspondence between Evans' and Bockstein view is given by 



(40) 
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4.5 The Dg-diagram with coefficients in Z 

Let G be a finite group and R and S rings. A ring homomorphism <j) : R — > S induces a morphism of 
diagrams (natural transformation of covariant functors) $ :ReS(^) — >ReS(s). Particularly, in this section, 
as a tool for the reconstruction of the diagram ReS(z), we use the diagram morphism J :ReS(z) — >ReS(p 2 ) 
induced by the coefficient reduction homomorphism j : Z — ► Fa. 



4.5.1 The Z 2 x Z 2 -diagram 

The cohomology restriction diagram ReS(F 2 ) of elementary abelian 2-group Z 2 x Z 2 is given in the diagram 
(|25|) . Using the presentation of cohomology i?*(Z 2 x Z 2 ,Z) and the homomorphism H*(% 2 x Z 2 ,Z) — » 
H*(Z 2 x Z 2 ,F 2 ) given in Example 13 . 1 01 we can reconstruct the restriction diagram Res(z): 



Tl I ► 0,t 2 i — 



z 2 


x Z 2 


Z[t 1; t 2 ] ®ZM 


deg 


;n = degr 2 = 2, deg/x = 3 


2n 


= 2r 2 


= 2/i = 0, 


A* 2 


= Tir 2 (ri + T 2 ) 



fx*— > 





z 2 




deg 


6»i = 2 


26»i 


= 



Tl 

To 



^0 2 




i-v 


i 


z 2 


z[e 2 ] 


deg 


9 2 = 2 


20 2 


= 



Tl 1- 


*03,T 2 ^~ 




[ii—* 


z 2 


Z[6 S ] 


deg 


9z = 2 


29 3 


= 



4.5.2 The £> 8 -diagram 

In the similar fashion, using: 

• the Ds restriction diagram ((26)) and (|27|) with F 2 coefficients, 

• the Z 2 x Z 2 restriction diagram (|4Tj) with Z coefficients, 

• the presentation of cohomology H* (Hi , Z) given in ([35)) , 

• the Bockstein presentation (??) of H*(Dg,'Z), 

• glimps of the restriction maps res^ and res^ obtained from the E 2 
spectral sequences Figure |4] and Figure El and 

• the homomorphism j : H*(D S ,Z) — > H* (D 8 ,¥ 2 ) described in 
we can reconstruct the restriction diagram of Ds with Z coefficients 



(41) 



Eoo terms of the LHS 



X \ — > 0, y^/3,M^[i 
Wnafa + 0) 





Z[a, a + f3, [i] 


deg 


2, 2, 3, 


2a = 


= 2/3 = 2/4 = 0, 


^ = 


: a/3(a + /3) 


at— 


-03, /?^0 







D 8 Z[X,y,M,W] 



deg : 2, 2, 3, 4 



2AT = 2y = 2M = 4W = 0, 



xy = o, M' z 


= w{x + y) 


X H- 


►2t/ 


y^ 


>2U 


Mt 


-0 


i 






^2 


Z[U] 






deg 


2 






4f7 = 


= 0, 





*T 3 Z[0 3 ] deg 3 -2 





-> <5, y>-> 0,A4>- 




Wh^7(7 + 5) 


ff 3 


Z[7,7 + <5,?7] 


deg 


2, 2, 3, 


2 7 = 


= 25 = 2ry = 0, 


?7 2 = 


7(5(7 + 5) 




7^03, 5^0 




771 — > 



(42) 



Now the reconstruction of the diagram morphism J :ReS(^) - *ReS(F 2 ) induced by the coefficient reduction 
homomorphism j : Z —> F 2 is just the routine exercise. 
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5 Index^ 8 F 2 S(R 



) 

In this section we show the following equality 

Index D8 , F2 5(i?f ) = Indexes (Rf 3 ) = (tuV). 

The .Ds-representation R®° can be decomposed into a sum of irreducibles in the following way 
Ri = (V-+ © V+-) © V — =► Rf j = {V-+ © V+-)® j © V®1 

where V-+ © V-\ is a 2-dimensional irreducible Z?s-representation. Since in this section the F2 coefficients 

are assumed, Proposition 13.121 implies that computing the indexes of the spheres S(V- + © V-\ ) and 

S(V~-) suffices. The strategy employed uses Proposition 13 . 71 and the following particular facts. 

A. Let X = S(T) for some Dg-representation T. Then the E^-term of the Serre spectral sequence 
associated to ED 8 x p s X is 

E™ = H P (D S ,¥ 2 )^H"(X,¥ 2 ). (43) 

The local coefficients are trivial since X is a sphere and the coefficients are F2. Since only <9dimT,F 2 may 
be ^ 0, from the multiplicativity property of the spectral sequence it follows that 

Index£, 8 if2 X = (ddimTj^ 1 ® 0) 

where I £ H dimV - 1 (X,¥ 2 ) is the generator. Therefore, Index D8 ,F 2 (X) = Index^™^ +1 (X). 

B. For any subgroup H of D%, with some abuse of notation, 

TndimV,0 aO.diraV-1/-, ^ j\ oO.dimV— 1 x^O.dim V— 1 /-i j\ { a a\ 

r dimy ° 5 dimV,F 2 (l®0=^dtaVJ a ° F dto V C 1 ® 0, ( 4 4) 



where T denotes the restriction morphism of Serre spectral sequences introduced in Proposition I3.5f D) . 
Therefore, for every subgroup H of D$ we get 

IndexD 8 .F 2 ^ = ( a ), lndexH,v 2 X = ( a -ff) =^ res K ( a ) = a ff- 

Particularly, if an ^ then a ^ 0. 

Our computation of Index£> 8! F 2 ^ for X — S(V-+ © V+_ ) and X = Index£> 8i F 2 5'(V--) has two steps: 

• compute IndexH,w 2 X = (an) for all proper subgroups H of Ds, 

• search for an element a £ H*(D S ,¥ 2 ) such that for every computed an 

res^(a) = a H . 

5.1 Index AsjF2 S'(F_ + © V+-) = (w) 

Proposition 13. 131 and the properties of Ds acting on V-+ © provide the following information 

( (a(a + b)) or 
Index ffl f 2 S(V-+ © V+- ) = < (b(a + b)) or 

I («&)■ 

Since initially we do not know which of possible generators a, b, a + b of F2[a, 6] correspond to the 
generators ex, £2, £i£2, we have to take all three possibilities into account. Similarly 

(c(c + G0) or 

Index H3 ,F 2 5'(^- + © = { (d(c + d)) or 



(cd). 



Furthermore, 



£1 acts trivially on V+_ => Indexi^ l! F 2 5'(V r _ + © V-\ ) = 

£2 acts trivially on V_+ => lndexK 2 ,w 2 S(V- + © K| ) = 

a acts trivially on {(x, x) £ V- + © V+-} => Index.K 4 ,F 2 S(V_ + © V+-) = 

£i£2cr acts trivially on {(x, —x) £ V- + © V+_} => Indexi^ 5! F 2 5'(V r _ + © y H ) = 



2G 



The only element inside H 2 (D%,¥2) satisfying all requirements of commutativity with restrictions is w. 
Hence, 

Jndex Dst f 2 S(V- + © V+-) = (w) (45) 



Remark 5.1. The side information coming from this computation is that generators e± and £2 of the 
group Hi correspond to generators a and a + b in the cohomology ring H*(H±, i 7 ^)- This correspondence 
suggested the choice of generators in Lemma r4.1f i). 



5.2 Index D8iF2 5'(T/__) = (y) 

Again, V is a concrete Ds-representation, and from Proposition 13 . 131 

{(a + b), or 
(a + (a + b)), or 
(b+ (a + b)). 

Again, we allow all three possibilities since we do not know the correspondence between generators of Hi 
and the chosen generators of H*(H q , F2). Furthermore, since Ki and K2 act nontrivially on 

lndex Kl f 2 S(V — ) = (ti), lwdex K2 f 2 S(V — ) = (i 2 ) . 

On the other hand, H 3 acts trivially on and so 

lndex.H 3 ,w 2 S(V--) = 0. 

By commutativity of the restriction diagram, or since the groups K 3 , K4 and K 5 act trivially on 1), 
it follows that 

lndexK 3 ,w 2 S(V — ) = lndexK i ,F 2 S(V--) = in.dexK 5 ,w 2 S(V—) = 0. 

The only element satisfying the commutativity requirements is y € H (D%,W-z), so 

lndex Ds ^S(V—) = (y). (46) 

Remark 5.2. From the previous remark the fact Indexjj li f 2 5(T^ ) = (b) = (a+(a + b)) follows directly. 

Alternatively, equation (|4l)|) is the consequence of (|TT|) and (|2"B)) . 

5.3 lndex Dsj2 S(Rf j ) = (y j w j ) 
From Proposition 13. 121 we get that 

Index^ t w 2 S{Rf j ) = Index D8iF2 S((V_ + © © F e i) = (yV). 

Remark 5.3. In the same way we can compute that 

Index Dg , ¥2 (U 2 ) = (x). (47) 

Therefore Index£> 8 f 2 ([/ 2 © R® J ) = 0. This means that on the join CS/TM scheme the Fadell-Husseini 
index theory with F 2 coefficients does not give any non-trivial result, since is an element of any ideal. 



6 Index D8>z S(Rf ] 

In this section we show that 



Tt„W - Tr^W 3 ^ 1 ^*?®^ - J ^' W ')' for j even , , 

I (J/ 2 W 2 yw,y 2 w 2 ) ; for j odd 
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6.1 The case when j is even 

We give two proofs of the equation (|48[) in the case when j is even. 

Method 1: According to definition of the complex Dg-representations Vf_ © VS + and V!r_, in Section 
14.4. 1[ we have an isomorphism of real Z?8-representations 

R f = ( V - + © v+-f j © v®L s (vfL © yf + ) e * © (y5_) ffif . 

Thus by Propositions 13 . 1 ll and 13 . f 21 properties of Chern classes [2J (5) page 286], equations (|50|) and (j3"3"|) 
we have that 

Index 08iZ 5(i?f ) = (cm (V + c _ © V* + ) e * © (y c _) ei ) ) - (c 2 (V^_ © V c + ) i ■ ci (F c _) *) 

= (x^ + xi) 1 )- 

The correspondence between Evans' and Bockstein view implies the statement. 

Method 2: The group D s acts trivially on the cohomology H*(S(R.f j ), Z). Then the E^-term of the Serre 
spectral sequence associated to EZ?g X]j g S(Rf J ) is a tensor product 

E%< q = H p (D 8) Z) ® H q (S(Rf j ),Z). 

Since only may be 7^ 0, the multiplicativity property of the spectral sequence implies that 

Index D8 , z S(i?f ) = Index£ 8 m z y+1 S(i?f ) = (fig$ _1 (l® 1)> 

where I G H^~ 1 (S(R® r ),'L) is a generator. The coefficient reduction morphism j : Z — > F2 induces a 
morphism of Serre spectral sequences (Proposition 13.71 E. 3) associated with Borel construction of the 
sphere S(Rf j ). Thus, 

f ® 0) = $$ a -1 Cf (1 ® 0) e ff«p 8 ,F 2 ) 

and according to the result of the previous section 

Now, from the description of the map j : H*{D%,Z) — ► _ff*(Dg,F2) in ([39| follows the statement for j 
even. 

6.2 The case when j is odd 

The group -Dg acts non-trivially on the cohomology H*(S(Rf :l ),Ij). Precisely, the -Dg-module Z = 
iJ 3 ^ 1 (S'(i?f J ), Z) is a nontrivial Dg-module and for z e Z: 

E\ ■ Z = Z, £2 ■ -2 = z, a ■ z = —z. 

Then the E^-term of the Serre spectral sequence associated to EDg X]j 8 S(Rf J ) is not a tensor product 
and 

f HP(D 8 ,Z) ,q = 
E™ = HP(D s ,H«(S(Rf J ),Z))= \ HP(D S ,Z) ,q = 3j-l . (49) 

{ ,g^0,3j-l 

To compute the index in this case we have to study the H*(Ds, Z)-module structure of H*(D$, Z). Since 
the use of LHS-spectral sequence, like in the case of field coefficients (Proposition IT.4[) , can not be of 
significant help we apply the Bockstein spectral sequence associated with the following exact sequence of 
-Dg-modules: 

0^Z^Z^F 2 ^0 (50) 
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Proposition 6.1. 

(A) 2-H*(D 8 ,Z) = 

(B) H*(Dg,Z) is generated as a H*(Dg, X)-module by three elements pi, p 2 , p% of degree 1, 2, 3 such 
that 

pi ■ y = 0, P 2 ■ X = 0, p 3 ■ X = 

and 

j(pi) = x, j{p 2 ) = y 2 , j(p3) = yw 

where j is the map induced by the map Z — ► F2 from the exact sequence \50\). 
Proof. The strategy of the proof is to consider four exact couples induced by the exact sequence ([5U| : 

H*(D 8 ,Z) ^ H*(D 8 ,Z) H*(Hi,Z)^H*(Hi,Z) 

H*(D 8) W 2 ) H*(H U ¥ 2 ) 
H*(H 2 ,Z) ^ H*(H 2 ,Z) H*(K 4 ,Z) -^H*(K 4 ,Z) 

H*(H 2 ,¥ 2 ) H*(K 4 ,¥ 2 ) 

and the corresponding morphisms induced by res^* , res^* and res^ . Our notation is as in the restriction 
diagram (|26|) . 

1. The module Z as a i/i-module is a trivial module. Therefore in the Hi exact couple d\ is the usual 
Bockstein homomorphism and so 

di (a) = Sq 1 (a) = a 2 , di (b) = Sq 1 (b) = b 2 . 

Thus from the restriction homomorphism res^ we have: 

resg«(di(l))=di('res^(l)) =di(l) = => di(l) G ker (res%A, 
resgj (di(x)) = di fresg; (*)) = d x (0) = ^(s) G ker (resgj) , 

res^ (di( V )) = di (resg* ( V )J = - 6 2 ^ di(y) G y 2 + ker (resg* 
res^ (di(w)) = di fres^ (w)J = 6a (a + b) d x (w) e yw + ker fres#® J , 



(51) 







2. The module Z as a if 2 -module is a non-trivial module. The 7? 2 — Z 4 exact couple unrolls into a 
long exact sequence [HI Proposition 6.1, page 71] 

ff°(Z 4 ,Z) x2 i?°(Z 4 ,Z) _ i?°(Z 4 ,F 2 ) 
* F 2 , 1 

8 H 1 {'L Al Z) x2 H^Z^Z) i/ 1 (Z 4 ,F 2 ) 
F 2 , A F 2 , A F 2 , e 

« # 2 (Z 4 ,Z) x2 # 2 (Z 4 ,Z) £T 2 (Z 4 ,F 2 ) 
~ F 2 , u 

« # 3 (Z 4 ,Z) x2 # 3 (Z 4 ,Z) _ ff 3 (Z 4 ,F 2 ) 
F 2 , AC/ ' F 2 , At/ F 2 , eu 

5 iJ 4 (Z 4 ,Z) 
' 

Here we used facts that iP(Z 4 ,Z) = ^ q 2 ' * an d that multiplication by [/ G i? 2 (Z 4 ,Z) in 

-ff*(Z 4 ,Z) is an isomorphism [£l Section XII. 7. pages 250-253]. The long exact sequence describes 
the boundary operator: 

5(1) = A, (5(e) = 0, 5(u) = XU 
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(52) 



and consequently the first differential: 

di(l) = e, di(e) = 0, d±(u) = eu. 
The restriction homomorphism res^ implies that: 

res^(rfi(l))=di (res^(l)) =di(l) = e d x (l) € s + ker (resg 

resg* (di(a:)) = di (resg* (xfj = d x (e) = di(ac) G ker (resg 

res§; (di(y)) = di (res^ (y)J = di(e) = d x (») £ ker (resg! 

res^ (di(w)) = dx fres^J (w)J = di(it) = eu =>■ di(w) G yw + ker fresjy 

3. The module Z as a ^-module is a non-trivial module. Then the K4 = Z 2 exact couple unrolls into 

H°(Z 2> Z) x2 H°(Z 2> Z) H°(Z 2 ,¥ 2 ) 
F 2 , 1 

i H\Z 2 ,Z) x2 H\Z 2 ,Z) H\Z 2 ,¥ 2 ) 
F 2 , y> F 2 , y> F 2 , t 4 



£P(Z 2 ,Z) x2 H 2 (Z 2 ,Z) H 2 {Z 2 ,¥ 2 ) 



F 2 , tl 



(53) 



« H 3 {Z 2 ,Z) x2 ff 3 (Z 2 ,Z) # 3 (Z 2 ,F 2 ) 
* F 2 , tpT — * F 2 , tpT ^ F 2 , $ 

6 H 4 (Z 2 ,Z) 


Similarly, H l {Z 2 ,Z) = j ^ 2 ' 1 odd and multiplication by T G H 2 (Z 2 ,Z) in H*(Z 2 ,Z) is an 
[ ,i even 

isomorphism [9l Section XII. 7. pages 250-253]. Then 

d 1 (l)=t 4 , d 1 (tf+ 1 )=0, d 1 (tf)=tf +1 
for i > 0. This implies that 

resgj (diH) = di (resg* («;)) = di(0) = (54) 

and 

res2 8 4 (dx(y)) = dx (resg* (y)J = di(0) = 0. (55) 

From (|5"T]) . (l5"2")) and the restriction diagram (|2"6")l follows: 

di(l) = x, di(x) = 0, 

and 

di(tw) G {yw, yw + x 3 } and di(y) G {y 2 , y 2 + x 2 }. (56) 

Since resg® (yw) = 0, res^ (yw + x 3 ) = t\ ^ and res^ (y 2 ) = 0, res£« (y 2 + x 2 ) =t\^0, then the 
equations ([54")) and (|5"5|) resolve the final dilemmas ([55)1 . Thus di(w) = yw. According to [5J Remark 
5.7.4, page 108] there are elements p%, p 2 , ps of degree 1, 2, 3 and of exponent 2 in H*(Dg,Z) satisfying 
property (B) of this proposition. 

The property (A) follows from the properties of Bockstein spectral sequence and the fact that the 
derived couple of the Dg exact couple is: 

— > 


where F 2 appears in dimension 0. □ 
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Thus, the index is given by 

Index Dg , z 5(iif ) = {dl^-\p 1 ),^- 1 {p 2 ),dl^-\p 3 )). 

The morphism J from spectral sequence (|49[) to spectral sequence (|43[) induced by the reduction homo- 
morphism Z — > F2 implies that: 

J{dtft 1 {P2)) = d 2 3 §; 1 (j( P2 )) = ^"V) = y j+2wj =V 3+1 w^ 1 {y + x)w (57) 

^wi _1 (P3)) = ci _1 (i(P3)) - w; 1 ^) = 

The sequence of -Ds inclusion maps 

S(^- l) ) c 5(i?f ) c S(Rf u+1) ) 
provides (Proposition 13. 2| ) a sequence of inclusions: 

(y^W^ 1 ) = Index I?8 , z 5(< " 1) ) D IndexB 8 ,z5( J Rf ) D Index D8 , z S(< 0+1) ) = (y^W 2 ^). ( 58 ) 
The relations (|57|) , and (f3"9"| . along with Proposition 16. II imply that for j odd: 

Remark 6.2. The index lndex Ds ^S(U k x Rf j ) appearing in the join test maps scheme can now be 
computed. From Example 13.41 and the restriction diagram (|42|) it follows that 

Index D8 , z S(C4) = hxdexo^Ds/Hx = ker (resg* : H*{D S ,Z) -> Z)) = (X). 

The inclusions 

Index D8 , z S(L4 x Rf ) C lndex Ds , z S(Rf j ) and lndex Ds>z S{U k x Rf j ) C Index DsiZ 5([/ fc ) 
imply that 

Index D8:Z 5([/ fc x R® 3 ) C Index Ds , z S(< J ) PI Index D8 , z S(£/ fc ) = {0}. 

Thus, as in the case of F 2 coefficients, the Fadell-Husseini index theory with Z coefficients on the join 
CS/TM scheme does not lead to any non-trivial result. 

7 Index£ 8;F2 S rf xS d 

This section contains the proof of the equality 

Inde XjD8jF2 5 d X S d = {ir d+ll TT d+2 ,w d+1 }. (59) 

The index will be determined by the explicit computation of the Serre spectral sequence associated with 
the Borel construction 

S d x S d -> EL> 8 ><d 8 (S d x S d ) -> BD S . 

The group D$ acts nontrivially on the cohomology of the fibre, and therefore the spectral sequence has 
nontrivial local coefficients. The -E^-term is given by 

El' q = HP(BD 8 , H q (S d x S d , F a )) = H P {D 8 , m{S d x S d , F 2 )) 

f HP{D S ,¥ 2 ) ,g = 0, 2d (60) 

= I m{D fil V 2 [D & /H 1 ]) ,q = d 

[ , q ^ 0,d,2d 

The nontriviality of local coefficients appears in at the d-th row of the spectral sequence. 

In Section 17.41 there is a sketch of an alternative proof of the fact (f59|) suggested by a referee for an 
earlier, F2-coefficient, version of the paper. 
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7.1 The d-th row as an H*(D 8 , F 2 )-module 

Since the spectral sequence is an H*(D 8 , F 2 )-module and the differentials are module maps we need to 
understand the H*(D 8 , F 2 )-module structure of the i? 2 -term. This can be done in at least two ways |25j . 

Proposition 7.1. H* {D S ,¥ 2 [D 8 / H^) ~ ring H*(H U ¥ 2 ). 

Proof. Here Hi = (si, e 2 ) — Z 2 x Z 2 is a maximal (normal) subgroup of index 2 in D 8 . 

Method 1: The statement follows from Shapiro's lemma [6l Proposition 6.2, page 73] and the fact that 

when [G : H] < oo, then there is an isomorphism of G-modules Coind^M = Ind^Af. 

Method 2: There is an exact sequence of groups 

1 -> H x -> D 8 -» D 8 /H 1 -> 1. 

The associated LHS spectral sequence [3 Corollary 1.2, page 116] has the -E^-term: 

A™ = H^{D & /H 1 ,H"{H 1 ,W 2 [D & /H l ])) 
S iP(Z 2 ,ff«((Z 2 ) 2 ,F 2 ©F 2 )) 
- iJf (Z 2 ; <?((Z 2 ) 2 , F 2 ) © ff 9 ((Z 2 ) 2 , F 2 )) 

The action of the group D 8 /H\ = Z 2 on the sum is given by the conjugation action of G on the pair 
(Hi, H q (Hi,¥ 2 [Ds/Hi])) Corollary 8.4, page 80]. Since F 2 [Z 2 ] is a free Z 2 -module 

ff°(Z 2 ;F 2 [Z 2 ]) - (F 2 [Z 2 ]) Z2 =F 2 

and £P(Z 2 ;F 2 [Z 2 ]) = for p > 0. Thus 

A™ Si J ffP( J D 8 / J ff 1 ;i/«((Z 2 ) 2 ,F 2 )©i/«((Z 2 ) 2 ,F 2 )) 
S fl*(I> 8 /ir 1 ;F 2 [Z 2 ]<'+ 1 ) 

- ^(D 8 M;F 2 [Z 2 ])^^f( ffP ( Z ^^^) ?+1 )^ F 2 +1 ,P = . 

I o , p > 

Thus the i? 2 -term has the shape as in Figure [6] (concentrated in the 0-column) and collapses. □ 





(H*(H U F 2 ) e//*(//i,F 2 )) Ds "'' 









1 



Figure 6: The A 2 -term of the LHS spectral sequence 

The first information about the H*(D 8l F 2 )-module structure on H*(D 8 , ¥ 2 [D 8 / Hi]), as well as the 
method for revealing the complete structure, are coming from the following proposition. 

Proposition 7.2. We have x ■ H*(D 8 , ¥ 2 [D%/ H{\) = for the element x € H 1 (D 8 ,¥ 2 ) that is charac- 
terized by res^(x) = 0. 

Proof. 

Method 1: The isomorphism H *(Dg, ¥ 2 [D 8 /Hx\) = ring H*(H 1 ,¥ 2 ) induced by Shapiro's lemma Propo- 
sition 6.2, page 73] carries the fF(D 8 ,F 2 )-module structure to H*(Hi,¥ 2 ) via the restriction homomor- 
phism resg* : H*(D S ,¥ 2 ) -> H*{H U ¥ 2 ). In this way the complete H*(D 8 , F 2 )-module structure is given 
on H*(D 8 , ¥ 2 [D 8 /Hi]). Particularly, since res^(.x) = 0, the proposition is proved. 
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Method 2: The exact sequence of groups 

1 - Ht -> D 8 -» Dg/f?! -» 1 

induces two LHS spectral sequences 

J 4S'« = fl* , (D 8 /ffi,H«(ff 1) F 2 [D 8 /ff 1 ])) =j. i/ p+9 p 8 ,F 2 [^ 8 /i7 1 ]), (61) 

B™ = iff (D s /Hi,H q (Hi, F 2 )) # p+9 (As, F 2 ). (62) 

The spectral sequence (|62l acts on the spectral sequence (|6T|) 

In the oo-term this action becomes an action of H* (£)g,F 2 ) on H*(Dg, F 2 [-Dg/-ffi])- Since we already 
discussed both spectral sequences we know that 

^' 9 = ^S? and B™ = B™, 
From Figures [3] and [6] it is apparent that x s -B 2 ° = -^oo° ac ts by 

x ■ A™ = 

for every p, q. □ 
Corollary 7.3. Index£+ 2 F2 S d xS^ im(9 d+1 : E*'^ -f ^+ x d+ll °) C v • ff*(£> 8 F 2 ). 

Proof. Let a E E*'^ and <9 d +i(a) £ y-H*(D 8 ¥ 2 ). Then x-0 d+1 (a) ^ 0. Since <9 d+ i is a iJ*(L> 8 F 2 )-modulc 
map and x acts trivially on H*(D$, F 2 [.Dg/£fi]), as indicated by Proposition [721 there is a contradiction 



□ 



= d d+1 {x ■ a) = x ■ d d+ i(a) ^ 0. 

Proposition 7.4. H*(D 8l ¥ 2 [D 8 / Hi]) is generated as an H*{Dg,¥ 2 ) -module by 

H°(D S ,¥ 2 [D S /Hi}) and H 1 {D 8 ,¥ 2 [D & / H{\). 

Proof. 

Method 1: We already observed that Shapiro's lemma H*(Dg,¥2[Dg/Hi\) = r j n g H*(Hi,¥ 2 ) carries the 
H*(D S , F 2 )-module structure to H*(Hi,¥ 2 ) via the restriction homomorphism res^ : fP(-D 8 ,F 2 ) — > 
iT* (#i,F 2 ). Thus H*(Hi,¥ 2 ) as an iJ*(£> 8 ,F 2 )-module is generated by 1 6 H°(D 8 ,¥ 2 ) together with 
aeH^DM. 

Method 2: There is the exact sequence of D 8 -modules 

F 2 -> F 2 [D B /Hi] -> F 2 -> 0, (63) 

where the left and right modules F 2 are trivial D 8 -modules. The first map is a diagonal inclusion while 
the second on is a quotient map. The sequence (|63[) induces a long exact sequence on group cohomology 
[6, Proposition 6.1, page 71], 



0^ H°(D 8 ,¥ 2 ) ^ H° (D 8 ,¥ 2 [D 8 /Hi}) H H° (D s ,¥ 2 ) 

H 1 (£> 8) F 2 ) ^ H 1 {D^¥ 2 [D 8 /H{\) % H 1 (D s ,¥ 2 ) 



From the exact sequence compatibility of the cup product [51 page 110, (3.3)] and Proposition l7.2l one 
can deduce that Sq(1) = x. Then by chasing along sequence (|64[) with compatibility of the cup product [51 
page 110,(3.3)] as a tool it can be proved that H*(D$, ¥ 2 [D%/ H{\) is generated as a H*(D$, F 2 )-module 
byJ = i (l) and Ae^fW). □ 
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7.2 lndex% 2 ¥2 S d x S d = (<ir d+1 , n d+2 ) 
The index by definition is 

lnde^ ¥2 S d xS d = hn(d d+1 : Etf, ^ E*X1 +1 >°) 

= im (8 d+1 : H* (£>„, F 2 [D 8 /JTi]) - H* +d+1 {D s , F 2 ) ). 

From Proposition 17.41 this image is generated as a module by the c^+i-hnages of i?° (Dg,¥2[D$/Hi\) 
and of i? 1 (£)g, F2[Ds/-Hi])- The d d +i image is computed by applying restriction properties given in 
Proposition 13.51 to the subgroup Hi. With the identification of H* (D$,W2[D$/Hi\) given by Shapiro's 
lemma the morphism of spectral sequences of Borel constructions induced by restriction is specified in 
Figure El Also, 

Indexes* x S d = (0^(1), df*, (a), d^(b), {a + b)). 




E d+I term of the Borel construction £,/+/ term of the Borel construction 

5"' x S d -» ED 8 x 0s (S* x S'<) -» BZ> 8 S' 1 x S' 1 -* EH, x H| (S' 1 x S J ) ■* BH, 



Figure 7: The morphism of spectral sequences 
To simplify notation let p d := a d + (a + b) d+1 . Then from 

D 8 r*Hl 

1 H * 1 mi ^ 

1 ' — > ll®h ' — > Pd+1 

{a,a + b, b} i — ► < (a + 6) © a > i — > {pd+2, a(a + &)p<j, bp d+ i] 
{ b®b J 

it follows that 

res^(K + \(l), ^(o), 3^(6) , df^ (a + &)}) = W, o(o + 6)p d) 

The formula 

p d+2 = a d + 2 + (a + 6) rf + 2 

d-1 

= (a + a + b) (p d+1 + a(a + b) ^ a 4 (a + fc)^ 1 - 1 ) 

i=0 
d-1 

= fepd+i + a(a + b)(a + a + 6) ^V(a + fe)^ 1 "* 

i=0 
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together with Remark 11.31 and the knowledge of the restriction res^ implies that 

res^(7r d ) = p d . 
Therefore, there exist xa, x(3, xj, xS 6 ker(res^) such that 

dd+A 1 ) = ^d+i +xa 

and 

{dd+i ( a )> 9 d+i( b )> d d+i( a + b )} = i n d+2 +xf3, yjra+i+xj, wir d + xS}. 
Since y divides 174, Proposition 17.21 implies that a — f3 = j = 6 = 0, and 

Index^ 2 ^ x S d = (0^(1), (a), (b), (o + 6)> 

= (^d+l,^d+2, y^d+1, WTT d ) 
— {^d+l^d+l)- 

Remark 7.5. The property that the concretely described homomorphism 

resg* : H*(D 8 , ¥ 2 [D S /H 1 ]) -> F 2 [£> 8 /#i]) 
is injective holds more generally [111 Lemma on page 187]. 

7.3 Index D8iF2 5 d x S d = (n d+1 , n d+2 , w d+1 ) 

In the previous section we described the differential of the Serre spectral sequence associated with 
the Borel construction 

S d xS d ^ E£> 8 x Dg (S d x S d ) BD S . 

The only remaining, possibly non-trivial, differential is <9^ 8 +1 . 

The following proposition describing E* 2d 2d x can be obtained from the Figure [7l 

Proposition 7.6. = ker : Effi - £*:? +M ) - z • H*(D 8 ,¥ 2 ) 

Proof. The restriction property from Proposition ^. 5f D). applied on the element 1 £ -E^+i = H*(Ds,¥ 2 ) 
implies that 9 ( ^ 1 (1) 7^ 0. Proposition 17. 2[ together with the fact that multiplication by y and w in 
H*{D 8l ¥ 2 [D fi /H l ]) is injective, implies that ker(^ x : i^f -> ££+ 1 i+1,d ) = xH*(D s ,¥ 2 ). □ 

The description of the differential <9^ s +1 : -E^d+i — * ^2d+i +1 '° comes m an indirect way. There is a 
I?8-equivariant map 

s d xs^s d *s J K s({v+- © i/-+) ffi(d+1) ) 

given as inclusion of the diagonal of a product into a join. The result of the Section 15.11 and the basic 
property of the index (Proposition 13. 2\ imply that 

Index Ds , ¥2 S d xS d 2 lndex D ^ 2 S((V + _ © V- + )® (d+1} ) = (w d+1 ) 

d+i 

l D 8 ,¥ 2 



Thus w d+1 e ladex Dst w 2 S d x S d . Since by Corollary [T3]w d+1 Index^ +1 F S d x S d it follows that 



uj G im[d 2d+1 . h 2d+1 -> A 2d+1 j 
But the only element in E^ d d x is 2, therefore 

This concludes the proof of equation (|59|) . 
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7.4 An alternative proof, sketch 

The objective of our index calculation is to find the kernel of the map (cf. Section [5]) : 

H*{ED S x Dfs (S d x S d ) ,F 2 ) = H* Ds (S d x S d ,¥ 2 ) «- H* D8 (pt,¥ 2 ) = H*(ED S x Dg pt,¥ 2 ). (65) 

This map is induced by the map of spaces 

EL> 8 x Ds (S d x S d ) -» ED S x d 8 pi. (66) 

From the definition of the product Xd s the map (|6"6"|) is induced by ED 8 x (S d x S"*) — > E£> 8 x pi, i.e. by 
(S x 5 ) — > pi. The map (f66|) . again by definition of product x^ 8 is 

(E£> 8 x x S rf )) /£> 8 (E£> 8 x pi) /D s . (67) 

Let = Z 2 denotes the quotient group Dg/Hi. There is a natural homeomorphisms [181 Proposition 
1.59, page 40] 

((ED 8 x (S d x S d )) /Hj) /S 2 -» ((E,D 8 x pi) /i^) /5 a (68) 
which is induced by the map 

(E£>8 x (S" 4 x S d )) /H 1 -> (EL> 8 x pi) /Hi (69) 

Since EZ3 8 is also a model for Eifi, the map (j6"9"|) is a projection map in the Borel construction of S d x S d 
with respect to the group H\. 

S d xS d -> (EZ3 8 x (5 rf x 

I (70) 
BiJi 

The group D 8 acts freely on E£> 8 x (S d x 5"*) and on ED 8 xpi. Therefore S 2 action on (EL> 8 x (£ d x /Hi 
and (ED 8 x pi) /Hi is also free. There are natural homotopy equivalences 

((ED 8 x(S d xS d ))/H 1 )/S 2 ~ E5 2 x S2 ((EZ? 8 x(^x5 d ))/i/ 1 ), 

((ED 8 xpt)/H 1 )/S 2 =s ES 2 x<j 2 ((EZ> 8 xpi) /Hi) 
which transform the map (|68[) into a map of Borel constructions 

ES 2 x 52 ((E£> 8 x (5 d x S d )) /Hi) - ES 2 x S2 ((E£> 8 x pi) (71) 
induced by the map (f6"9"|) on the fibers. 

The map between Borel constructions (|7Tj) induces a map of associated Serre spectral sequences which 
in the .E 2 -term looks like 

E™ = H p (S 2 ,H q ((ED s x (S d x S d ) )/H u F 2 )) ^ H"(S 2 ,H"((ED 8 xpt)/Hi,¥ 2 )) = H p 2 ' q . (72) 
The spectral sequence 7i 2 ' q is the one studied in section |4~21 It converges to H* (D&,F 2 ) and H 2 hq — H™ . 
Lemma 7.7. £ p ' q = 

Proof. The action of Hi on S d x S d is free. Therefore 

(EL> 8 x (S d x S d )) /Hi ~ (S d x S d ) /Hi = RP d x RP d (73) 

where the induced action of S 2 from (E£> 8 x (5 d x S d )) /Hi onto RP d x RP d interchanges the copies 
of M.P d x RP d . The ^-homotopy equivalence ([73]) induces an isomorphism of induced Serre spectral 
sequences of Borel constructions 

£ p ' q = H p (S 2 ,Hi((ED 8 x (S d x S d )) /H u ¥ 2 )) S H P (S 2 , H^(RP d x RP d ,¥ 2 )) = g pq . 

Since for the spectral sequence G 2 ' q , by [TJ Theorem 1.7, page 118], we know that G 2 ' q — 9%^, the same 
must hold for the spectral sequence St'*- □ 
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We obtained the following presentation of the map ([65]) and the related map of the fibers (|69|) . 
Proposition 7.8. 

(A) The map Hp {jpt,¥ 2 ) —* H^ s (S d x S d ,¥ 2 ) can be seen as a map of spectral sequences of S 2 -Borel 
constructions 

H™ = HP(S 2 ,H«((ED S x pt) /^Fz)) ^ HP(S 2 ,H«((ED S x (S d x S d ))/H u ¥ 2 )) = £™ (74) 

which is induced by the map on fibers (ED 8 x (S d x S d )) /Hi -> (EL> 8 x pt) /H x . 

(B) The map on the fibers is the projection map in the Hi -Borel construction 

S d xS d -» (EL> 8 x {S d x S d )) /Hi -» BHi ■ 
It is completely in F 2 cohomology determined by its kernel: 
ker(H*(Hi,W 2 ) -» H*((ED 8 x (S d x S d )) /H u ¥ 2 )) = Index Hl j 2 5 d xS^ (a d+1 , (a + o) d+1 >. 

The £f' 9 = E™ and H p 2 ' q = are described by [3 Lemma 1.4, page 117]. Therefore, Index Dg >Fa S d x S d 
or the kernel of the map of spectral sequences (|74p is completely determined by the kernel of the map of 
S2 -invariants 

F 2 [a,a + b} s * -> (F 2 [ a ,a + fe]/(a d + 1 ,(a + 6) d + 1 )) S2 

11 11 (75) 

H*{Hi,W 2 ) S2 -> H*((ED S x (5 d x S d )) /H X ,F 2 ) S * 

where 1S2 action is given by a 1 — ► a + 0. The equation (|59p 

Index£, 8 j 2 5 d xS^ (7^+1, 7r d+2 , 

is a consequence of the previous discussion, identification of elements ([22]) in the spectral sequence (|2T]) 
and the following proposition about symmetric polynomials. 

Proposition 7.9. 

(A) A symmetric polynomial ^ a lk (a + G F 2 [a, a + o] S2 is «n ifte kernel of the map (|75p i/ and on/y 
if for every monomial 

a d+1 I a 4fc (a + 6) Jfc or (a + o) d+1 | a lk (a + o) Jfc . 

(B) The kernel of the map (|75[) . as an ideal in F 2 [a,a + b] S2 is generated by 

a d+1 + (a + b) d +\ a d+2 + (a + b) d+2 7 a d+1 (a + b) d+1 . 

The presented approach with all advantages has two disadvantages: 

(1) The carrier of the combinatorial lower bound for the mass partition problem, the partial index 
Index^ 2 F2 x S d , can not be obtained without extra effort. 

(2) It can not be used for computation of the index Index^ 2 z S ,d x S d ; the spectral sequence TL 2 ,q , if 
considered with Z coefficients, is the sequence Q34[) whose oo-term has a ring structure that different 
from H*(D 8 ,Z). 

These were our reasons for presenting this idea just as a sketch. 

8 Index^ 8jZ S d xS d 

Let n = 0, LTi = y and Il„ +2 = yU n+ i + WII n , for n > 0, be a sequence of polynomials in H*(D$,Z). 
This section contains the proof of the equality 

j j [ (IId+2 , IId+4 , MUd ) , for d even 

Index^ 2 S d x S d = { )„— ' — ' (76) 

I (IIj+i ,!!<+» , for d odd v ; 

2 2 
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The index is determined by the explicit computation of the -Ed+2-term of the Serre spectral sequence 
associated with the Borel construction 

S d xS d ^ ED 8 x Ds (S d x S d ) -> BD 8 . 

Like in the previous section, the group D$ acts nontrivially on the cohomology of the hbre and thus the 
coefficients in the spectral sequence are local. The i^-term is given by 

E v 2 q = HP(BD 8 ,H q (S d x S d , Z)) = H P (D 8 , m{S d x S d , Z)) 

f HP(D 8 ,Z) ,q = 0,2d (77) 

= I HP(D 8 ,H d (S d x S d ,Z)) ,q = d 

{ ,q^Q,d,2d 

The local coefficients are nontrivial in the <i-th row of the spectral sequence. 
8.1 The d-ih row as an H*(D 8 , Z)-module 

The I?8-module M := H d (S d x 5 ,2), as an abelian group, is isomorphic to Z x Z. Since the action of 
on M depends on d we distinguish two cases. 

8.1.1 The case when d is odd 

The action on M is given by 

£i-{x,y) = {x,y), e 2 ■ (x,y) = (x,y), a ■ (x, y) = (y, x). 

Thus, there is and isomorphism of Dg-modules M = °Z[D 8 / Hi]. The situation resembles the one in 
Section [7.1[ and therefore following propositions hold. 

Proposition 8.1. H* {D 8 ,Z[D 8 / H x ]) S ring Z). 

Proof. The claim follows from Shapiro's lemma [6l Proposition 6.2, page 73] and the fact that when 
[G : H] < oo. There is an isomorphism of G-modules Coind^Af = Ind^M. □ 

Proposition 8.2. Let T eH*(D 8 , Z) and P e H*(H X , Z) ^ H*(D S , Z[D 8 /Hi]). 

(A) The action of H*(D 8 ,Z) on H*(D 8 , Z[D 8 / H{\) is given by 

T P := res^ (T) P. 

Here P on the right hand side is an element of H* (H\ , Z) and on the left hand side its isomorphic 
image along the isomorphism from the previous proposition. Particularly, X-H*(D 8 , Z[D 8 / H{\) = 0. 

(B) H* (D 8 ,Z)-module H*(D 8 , Z[D 8 / H{\) is generated by two elements 

l,a e H*(H U Z) = H*{D 6 ,Z[Dz/H x ]) 

of degree and 2. 

(C) The map H*(D 8 , Z[D 8 / H{\) — > H*(D 8 ,¥2[D 8 /Hi\), induced by the coefficient map Z — > F2, is given 
by 1, a 1 — > 1, a 2 

Proof. The isomorphism H*(D 8} Z{D 8 /H{\) = r ing H*{H\,Z) induced by Shapiro's lemma [SI Propo- 
sition 6.2, page 73] carries the H*(D 8 , Z)-module structure to H*(H X ,Z) via res^ : H*(D 8 ,Z) -> 
H*(Hi,Z). In this way the complete H*(D 8 , Z)-module structure is given on H*(D 8 , Z[D 8 /Hi}). The 
claim (B) follows from the restriction diagram (|42[) . The morphism of restriction diagrams J, induced by 
the coefficient reduction homomorphism j : Z — ► Fa, implies the last statement. □ 
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8.1.2 The case when d is even 

The action on M is given by 

£1 • (x,y) = (~x,y), 



£2 ■ (x,y) = (x, -y), 



°~ ' (x,y) = (y,x). 



In this case we are forced to analyze the Bockstein spectral sequence associated with the exact sequence 
of Da-modules 



i.e. with the exact couple 



-> M ?4 M -> F 2 [D 8 /JTi] -> 0, 

H*(D 8 ,M)^H*{D S ,M) 
H*(D 8 ,¥ 2 [D 8 /Hi}) 
First we study the Bockstein spectral sequence 

H*(H U M) ^ H*{Hi,M) 
H*(Hi,¥ 2 \D % jHi\) 



(78) 
(79) 



(80) 



Like in the Section EH we have that H*(H 1 ,¥ 2 [D S /H 1 }) = F 2 [o, a + b]®¥ 2 [a,a + b]. The module M as 
an i?i-module can be decomposed into sum of two if i-modules Z\ and Z 2 . The modules Z\ =Ab Z and 
Z 2 =Ab Z are given by 

El • x — -x, e 2 ■ x = x and e\ ■ y = y, e 2 ■ y = —y 

where x G Z\ and y G Z 2 . This decomposition also induces a decomposition of iJi-modules ¥ 2 [D$/ H{\ = 
F2 © F 2 . Thus, the exact couple ([8H)) decomposes into the direct sum of two exact couples 



H^HuZ^^H^HuZt) H*{H X ,Z 2 )^H*(H U Z 2 ) 



(81) 



H*(H X ,¥ 2 ) 



H*(H U ¥ 2 ) 



Since all the maps in exact couples are H * (Hi , Z)-module maps, the following proposition completely 
determines both exact couples. 

Proposition 8.3. In the exact couples i81)) differentials d x — j ' o S are determined, respectively, by 

d x (l) = a, d x (b) = b(b + a) and dx(l) = a + b, d 1 (a) = di(b) = ab. (82) 
Proof. In both claims we use the following diagram of exact couples induced by restrictions, where 

*e{i,2}, 



/ 



H*{H u Zi) ^ 


H*(Hi,Zi) 






H*(Hi 


F 2 ) 



i 



H*(Ki,Z 

S K 



UH*(Ki,Zi) 
H*(K U ¥ 2 ) 



H*(K 2 ,Z 

S K 



UH*(K 2 ,Zi 
H*(K 2 ,¥ 2 ) 



H*(K 3 ,Zi)^H*(Ks,Zi 
H*(K 3 ,¥ 2 ) 



The first exact couple. The module Zi is a non-trivial Ki and i^-module, but a trivial ^-module. 
Therefore by the long exact (153|) . properties of Steenrod squares and the assumption at the end of the 
Section [OH 

(A) i^-exact couple: d\(l) = ti and d\{ti) = 0; 

(B) i^-exact couple: di(l) = and di(t 2 ) = t 2 ; 

(C) K 3 -exa.ct couple: di(l) — t 3 and (ii(i3) = 0; 
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Now 

resg(d!(l))=«i ) res2 1 1 (d 1 (&))=0 1 

re S g(rf!(l))=0 ^di(l)=o resg(di(6))=ti }^ d x (6) = 6(6 + a). 

resj£(di(l))=t 3 J resg(di(6))=0 J 

TTie second exact couple. The module .Z2 is a non-trivial i^2 and AVmodule, while it is a trivial K\- 
module. Therefore by the long exact (|53[) . properties of Steenrod squares and the assumption at the end 
of the Section [3X2 

(A) i^i-exact couple: di(l) = and di(ii) = t\; 

(B) i^2-exact couple: d\(l) = t% and diitz) = 0; 

(C) -KVexact couple: d\{l) = t 3 and di(ta) = 0; 
Now 

resfi(di(l)) = ) resg(di(6))=i? 
resj£(di(l))=* 2 ^ = a + 6 resj£(di(&)) = )>^d 1 (6)=a6. 



res^(d 1 (l))=t 3 J res^(d 1 (6))=0 



□ 



Remark 8.4. The result of the previous proposition can be seen as a key step in an alternative proof of 
the equation (fl~9|) . 



Proposition 8.5. In the exact couples |7ff| ), with identification H*(Ds,¥2[Dg/Hi\) = Fa[a,a+6], i/ie 
differential d\ = j 06 satisfies 

di(l) = a, di(a + 6) = di(6) = 6(6 + a), di(a 2 ) = a 3 . (83) 

(This determines d\ completely since j and 5 are H*(Dg, 7£)-module maps.) 

Proof. Recall from the Remark 17.51 that the restriction map 

resj£ : H* {D & ,¥ 2 [D 8 / H{\) -» H*(H U ¥ 2 [D S /Hi}) 

is injective. Then the equations (|83[) arc obtained by filling the empty places in the following diagrams 

1 Q a + b Q Q 

1©1 a® (a + 6) (a + 6)0 a 6(6 + a) © a6 a 2 ©(a + 6) 2 a 3 © (a + 6) 3 

where all vertical maps are res^ . □ 

Corollary 8.6. H*(D$, M) is generated as a H*(Dg,'Z)-module by three elements £1, Q2, C3 of degree 1, 
2, 3 such that 

i(Ci) = a, i(C 2 ) = 6(a + 6), j(Cs) = « 3 



where j is the map H*(Dg, M) — > if* (Dg > IF2 [-Ds/^l] ) ,/Viom £/ie exact couple ^7: 
8.2 Indexg^ x S d 

The relation between sequences of polynomials 7r<j S 7J*(Ds,F2) and Ibi € H*(D$,Z) is described by the 
following lemma. 

Lemma 8.7. Let j : H*(Dg,Z) — > H*(Dg,F2) be the map induced by the coefficient morphism Z — > F2 
(explicitly given by \39(l ). Then for every d > 0, 

j(Il d ) = TT 2 d- 
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Proof. Induction on d > 0. For d = and d — 1 the claim is obvious. Let d > 2 and let us assume that 
claim holds for every d < fc + 1 . Then 

j(n fe+2 ) = j(yn fe+ i + Wn fe ) y 2 n 2k+2 + ui 2 n 2k = y 2 ^2k+2 + ywKid+i + yw-K 2d+1 + w 2 ir 2k 

= y(y^2k+2 + WTT 2 d+l) + w(yTT 2 d+l + WTT 2 k) = 2/7T2/C+3 + W7r 2 fe +2 
= 7T2fe+4- 

□ 

There is a sequence of Dg-inclusions 

S^S'c^x^c ... c S^ 1 x S 11 - 1 c S d x 5 d c S"^ 1 x S"^ 1 c ... 
implying a sequence of ideal inclusions 

Indexes 1 x S 1 D Index^ gZ S 2 x S 2 D ... D Indcx^S^ 1 x S^ 1 D Index d + 2 z S d x S d D ... (84) 

8.2.1 The case when d is odd 

In this section we prove that 

Index^+ 2 z 5 d x S d = (ILi±i,n<£s). (85) 

The proof can be conducted as in the case of ¥ 2 coefficients (Section 17.21) . The results of the section 
17.21 can also be used to simplify the proof of equation (|85p . The morphism j : H*(D 8 ,Z) — > H* (D$,¥2) 
induced by the coefficient morphism Z — > F 2 is a part of the morphism J of Serre spectral sequences 
([77D and dHOD- Thus, for 1 e E%* x = H Q (D 8 ,H d (S d x S d ,Z)), 1 € = H°(D s ,H d (S d x S* d ,F 2 )), 

a G E 2 ^ = H 2 (D 8 ,H d (S d x S d ,Z)) and a e = H 1 (D 8 ,H d (S d x S d ,Z)), 

j(a d+1 (i)) = d d+1 (j(i)) = d d+1 (i) = n d+1 = j(n*+± / 

J(d d +i{a)) = d d+1 (J(a)) = d d +i{a 2 ) = d d +i{w ■ 1 + y ■ a) = wir d+1 + yn d+2 = ir d+3 = J (rid+a) 

From Proposition 18.21 and the sequence of inclusions ([51)1 it follows that 

d d +i(l) — Ud+i and d d+ i(a) = JJd+s . 
Finally, the statement (B) of Proposition I8T21 implies equation (|55l) . 



8.2.2 The case when d is even 

In this section we prove that 

Indexes' 1 x S d = (II d+2 , n d +4 , MU d ) . (86) 

u§ , 2 2 2 

The previous section implies that 

(II|,ILi±2) D Indexes"* x S d D (n^.n^). (87) 

From Corollary 18.61 we know that Index^ 2 z ,5' d x S d is generated by three elements 9<j+i(Ci); f^d+i (C2); 
d d +i((3) of degrees d + 2, d + 3, rf + 4. Thus, 9,j+i(Ci) = Hd+2 and <9d+i(C2) = .Mild . Since IId+4 ^ 
(IId+2, Allld), then 9d+i(C3) = IId+4. The proof of the equation (|56")l is concluded. 

Alternatively, the proof can be obtained with the help of the morphism J of Serre spectral sequences 
© and (SQ). 



41 



References 

[1] A. Adem, R.J. MlLGRAM, Cohomology of Finite Groups, Second Edition, Grundlehren der Mathematischen 
Wissenschaften 309, Springer- Verlag, Berlin, 2004. 

M. Atiyah, Characters and Cohomology of Finite Groups, IHES Publ. math. no. 9, 1961. 

Z. Balanov, A. Kushkuley, Geometric Methods in Degree Theory for Equivariant Maps, Lecture Notes 
in Mathematics 1632, Springer- Verlag, Berlin, 1996. 

T. Bartsch, Topological Methods for Variational Problems with Symmetries, Lecture Notes in Mathematics 
1560, Springer- Verlag, Berlin, 1993. 

W. Browder, Torsion in H-Spaces, Annals of Math. 74 (1961), 24-51. 

K. S. Brown, Cohomology of Groups, Graduate Texts in Math. 87, Springer- Verlag, New York, Berlin, 
1982. 

J. Carlson, Group 4 : Dihedral(8): Results published on the web page 

http : //www. math. uga. edu/~lvalero/cohohtml/groups_8_4_f rames .htm 

J. Carlson, L. Townsley, L. Valei-Elizomdo, M. Zhang, Cohomology Rings of Finite Groups. With an 
Appendix: Calculations of Cohomology Rings of Groups of Order Dividing 64 , Kluwer Academic Publishers, 
2003 

H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press, 1956. 
T. TOM Dieck, Transformation Groups, de Gruyter Studies in Math. 8, Berlin, 1987. 

L. Evans, On the Chern classes of representations of finite groups, Transactions Amer. Math. Soc. 115, 
1965, 180-193. 

E. Fadell, S. Husseini, An ideal-valued cohomological index, theory with applications to Borsuk-Ulam and 
Bourgin-Yang theorems, Ergod. Th. and Dynam. Sys. 8* (1988), 73-85 

B. GRUNBAUM, Partition of mass-distributions and convex bodies by hyperplanes, Pacific J. Math. 10 (1960), 
1257-1261 

H. Hadwiger, Simultane Vierteilung zweier Korper, Arch. math. (Basel), 17 (1966), 274-278 

P. J. Hilton, U. Stammbach, A Course in Homological Algebra, Graduate Texts in Math. 4, Springer, 
1971 

W. Y. Hsiang, Cohomology Theory of Topological Transformation Groups, Springer- Verlag, 1975 

D. Husemoller, Fibre Bundles, Springer- Verlag, Third edition, 1993 
K. Kawakubo, The Theory of Transformation Groups, Oxford University Press, 1991 

G. Lewis, The Integral Cohomology Rings of Groups of Order p 3 , Transactions Amer. Math. Soc. 132, 1968, 
501-529 

E. Lucas, Sur les congruences des nombres euleriens et les coefficients differentiels des functions 
trigonometriques suivant un module premier, Bull. Soc. Math. France 6 (1878), 49-54. 

P. Mani-Levitska, S. Vrecica, R. Zivaljevic, Topology and combinatorics of partition masses by hyper- 
planes, Advances in Mathematics 207 (2006), 266-296. 

W. Marzantowicz, An almost classification of compact Lie groups with Borsuk-Ulam properties, Pac. Jour. 
Math. 144, 1990, pp. 299-311 

J. Matousek, Using the Borsuk-Ulam Theorem. Lectures on Topological Methods in Combinatorics and 
Geometry, Universitext, Springer- Verlag, Heidelberg, 2003. 

E. Ramos, Equipartitions of mass distributions by hyperplanes, Discrete Comput. Geom. 10 (1993), 157-182 

C. Schultz, Discussions, Berlin, March/April, 2007 
S. Vrecica, personal communication, 2007 

R. T. Zivaljevic, Topological methods, in CRC Handbook on Discrete and Computational Geometry, J. E. 
Goodman and J. O'Rourke, eds., Boca Raton FL, 1997, CRC Press, pp. 209-224. 

[28] R. Zivaljevic, User's guide to equivariant methods in combinatorics II, Publ. Inst. Math. Belgrade, 64(78), 
1998, 107-132. 



42 



